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Abstract: Here we study variety of monoid and semiring
recognizable |-fuzzy languages. A |-fuzzy languageA over an
alphabet A is called commutative|-fuzzy languageif it satisfiesthe
condition 4 (puvq) = A(pvuq) , for all u,v,p,q €A*. We prove that
the set of all commutative I-fuzzy languages is *-variety and
conjunctive variety of |-fuzzy languages.
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I. INTRODUCTION

The theory of fuzzy language was developed as a
generalization of the classical notion of (crisp)languages. The
concept of fuzzy automaton was introduced by Wee in 1967.
Zadeh and Lee generalized the classical notion of languages
to the concept of fuzzy languages in 1969. More on recent
development of algebraic theory of fuzzy automata and
formal fuzzy languages can be found in the book by
Mordeson and Malik [6]. The varieties of fuzzy Iangt'ﬂages
were introduced by Petkovic [7]. Semiring recognizable
languages was first studied by Polak [9]. In [10], he
introduced the concept of syntactic semiring of a language
and studied its properties. Also he established a ontone
correspondence between the lattices of all conjunctive variety
of languages and pseudovariety of finite idempotent
semirings.

We introduce the notion of =-variety of monoid
recognizable I-fuzzy languagesin[4]. In [3] we introduce the
notion of variety of semiring recognizable |-fuzzy languages.
Also we obtain a one to one correspondence between
varieties of semiring recognizable I-fuzzy languages and al
pseudovarieties of finite idempotent semirings.

In this paper we describe commutative |-fuzzy languages.
A family of recognizable |-fuzzy languages is a *-variety of
I-fuzzy languages, if it is closed under joins, meets,
complements, scalar  products, quotients, inverse
homomorphic images and cuts. We prove that the set of al
commutative I-fuzzy languages is *-variety and conjunctive
variety of |-fuzzy languages.
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. PRILIMINARIES

In this section we recall the basic definitions, results and
notations that will be used in the sequel. All undefined terms
areasin[5, 6, 8, 11]. A lattice is a partially ordered set in
which every subset consisting of two element has a least
upper bound and a greatest lower bound. A lattice | is called
complemented if it isbounded and if every element in| hasa
complement. A lattice | is called a complete lattice if every
nonempty subset of | has greatest lower bound and least
upper boundinl. A latticel issaid to be distributiveif for any
element a,b and c of |, we have the following distributive
properties.

i) an(bvc)=(anb)V (aAc).

ii) avV((bAac)=(aVvb)A(aVc).

Definition 2.1 (cf.[10]). An idempotent semiring is a
nonempty set S together with two binary operations + and -
and two constant elements 0 and 1 such that

i) (S,+,0) isacommutative idempotent monoid.

i) (S,-,1) isamonoid.

iii) thedistributivelaws a-(b+c) =a-b+a-cand (a+b) - c=a

-c+b-choldforeveryab,ceS.
iv)0-a=a-0=0forevery a
Let A beafinite set. When we deal with languages Aiscalled
an aphabet and elements of A are called letters. A finite
sequence of lettersin A is called a word. The length of the
word wisthe number of letters of A occurringinw. A word of
length zero is called empty word and is denoted by &. A"
denotes the set of all nonempty words over an alphabet A and
A= A"U {¢} isamonoid under the operation concatenation,
called free monoid over A. A subset of A is called the
language L over an aphabet A.

Let F(A*) denote the set of all finite subsets of A+ This set
equipped with the operations usual union and multiplication
U-V={uv|ueU,yeV} formthefreeidempotent semiring
over the alphabet A.

Let | be acomplete complemented distributive lattice. Any
function A from A+into | is called al-fuzzy language over the
alphabet A.

The complement 1 of al-fuzzy language A is defined as
A(uw) = A(u)where A(u) denotes the complement of A(u) in
1.[1]

For |-fuzzy languages 1,4, over A, their join (V) and
meet (A) are defined by (4, v 4,)(w) = A4,(w) v A, (w) and
(M A W) = A4, (W) Ay ().

Let 4,4, 1,be I-fuzzy languages over A. Then their left and
right quotients are defined by
(M7 )W) = Vi (L0 A 4, (v)),u € A*  and
(L2 ™) = Voear (R (uv) A 4, (), u € A"

Let A and B be finite
alphabets and ¢ :A* — B*be a
homomorphism. Let 1 be a
[-fuzzy language over B.
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Commutative I-fuzzy languages

The inverse of 1 under ¢ is a l-fuzzy language Ap * over A
defined by (19 )(u) = A(p(u)), u € A,

Let ¢ € I, then the scalar product ¢ .4 of the |-fuzzy
language A isdefined as (c - A)(u) =c A A (u).

Let A be al-fuzzy language over A. The c-cut of A is the
crisp language A.defined by 1.={u€ A-|1 (u) >c}.

A family of recognizable I-fuzzy languagesis a x-variety
of I-fuzzy languages, if it is closed under joins, meets,
complements, scalar  products, quotients, inverse
homomorphic images and cuts.[4]

Let A be al-fuzzy language over A. The function A,,,;, :
F(A*) — | defined by

Amin(U) z/\ueU A(u)' Ue F(A*)
iscalled the generalized fuzzy language determined by A . If |
U | =1then A,,;,(w) = A(u). So we can view A,,;, a a
generalization of 1 .[2]

Let Aypmin @d Ayn be generalized fuzzy languages
determined by A, and 1, respectively. Then their meet, |eft
guotient and right quotient are defined as follows
(Amin A Aamin) (U) = Aimin(U) A Azpin (U)
(Azﬁu'nAZmin)(U) = VVEA* (AZmin(vU) A Almin(v))r
(AZminlIr%in) (U) = Vovea* (AZmin(Uv) A /11min(17)),
for U e F(A")

Let A and B be finite alphabets and ¢ from F(A*) to
F(B*) be a semiring homomorphism and A,,, be a
generalized fuzzy language determined by al-fuzzy language
A over B. Then the inverse homomorphic image of 1,,;,,isa
I-fuzzy  subset A0t of  F(A7) defined by

(Amin(p_l)(u) = Amin((P(U)):U € F(A")

Theorem 2.2. [3] Let A, Ay, A, be |-fuzzy languages over A.
Then
(i)(/ll A Az)min-: Almin A /12min
(i)) (A1~ A2)min = AiminAzmin)
(iii) (Azll_l)min = AZminll_rlnin
Theorem 2.3. [3] Let A and B befinite alphabetsand ¢ from
F(A*) to F(B*) be a semiring homomorphism. If A isal-fuzzy
language over B, then (A9 ™ Y)nin = Amin® ! -
Definition 2.4. [3] Let IC be a family of I-fuzzy languages
and IC,;, be the family of associated generalized I-fuzzy
languages. We say that IC is a conjunctive variety if 1Cy,is
closed under finite meet, quotients and inverse homomorphic
images.

1. COMMUTATIVEL-FUZZY LANUAGES

Let A be a |-fuzzy language over an alphabet A. Then 1 is
caled commutative |-fuzzy language if it satisfies the
condition
Alpuvq) = A(pvuq)
for al uvp,q € A~ The class of commutative [-fuzzy
languages on A+ is denoted by CIFL(A*).
Example 3.1. Let A ={ab} and | = ({1,2,3,6}, LCM, GCD)
be acomplete distributive lattice. Let 1: A*— | be given by
2if |ulis even
Aw = {3 if lulis odd
Then A isacommutative |-fuzzy language.
Lemma3.2. Let 1 € CIFL(A*), then A € CIFL(A®).
Proof. Since A1 € CIFL(A*), we have 4 (puvq) = 4 (pvuq) for
al p,q,uv e A So
Alpuvq) = A(puvq)
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= A(pvuq)
= AMpvuq)
for al p,g,u,v € A*. Thus A € CIFL(A*). Hence CIFL(A*) is
closed under complements.
Lemma 3.3. CIFL(A*) isclosed under scalar multiplication.
Proof. Let 2 € CIFL(A) and c € |, then
(¢ - A)(puvq) = c A (A (puvq))

= c A A(pvuq)

= (c - 1)(pvuq)
for al u,v,p,q € A*. Thusc - A € CIFL(A*). Hence CIFL(A*)
is closed under scalar multiplication.

The followingresult shows that CIFL(A®)
under join and meet.
Lemma3.4. Let A;,4, € CIFL(A*). Then AV A,and M A Xy
arein CIFL(A*).
Proof. Since 15,4, € CIFL(A*), we have 4; (puvg) =4,
pvuq) and 4, (puvq) = A, (pvuq) for al p,q,u,v € A*. So
(A4 V ) (puvg) = A1 (puvq) v 4, (puvq)
= ML (pvuq) v 1, (pvuq)
= (44 V 1) (puvq)

for al p,q,u,v € A*. Thus (A V A,) € CIFL(A®).

Sinced; A, = (1, V21,) wehave (A A Ay) € CIFL(A®).
Lemma 3.5. Let A be acommutative |-fuzzy language on A*,
B be afinite alphabet and ¢ : B*— A* be a homomorphism.
Then Ad *is a commutative |-fuzzy language over B where
A0 Y(u) = M(u)) for al u € B*.

Proof. Since A € CIFL(A*), we have A(puvqg) = A(pvuq) for
al p,q,uv e A~.So
A~ (puvq) = A(¢(puvq))
= o@PWp ()P (q))
= p @) pWd(q))
= (¢ (pvuq))
= A¢ " (pvuq)
for al p,guyv € A~ Thus 1¢~! is a commutative I-fuzzy
language over B.

From the above lemma it follows that CIFL(A*) is
closed under the inverse homomorphic images .
Lemma3.6. Let A,,4, € CIFL(A*). Then

(i) A, "', € CIFL(A®).

(ii) 2,7, "t €CIFL(A).

Proof. (i) Since  4,,4,€ CIFL(A*), we have 1, (puvq) =
A1 (pvuq) and 4, (puvq) =1, (pvuq) for al p,q,u,v € A*. So
(4™ 2) (puvq) = Vies {(22(Wpuvg) A dy (W)}

=Vwen {A2((Wp)uvq) A2y (W)}

=Vwen {A2((Wp)vuq) A2y (W)}

=Vuear {A2(wpvug) Ads(w)}

= (/11_1/12) (pvuq)
for dl p,g,uv € A*. Thus A, 1, € CIFL(A%).
ii)Similarly if A;,A, € CIFL(A®), then 1,1, € CIFL(A%).
Thus CIFL(A*) is closed under left and right quotients.
Lemma 3.7. Let A € CIFL(A*) andA, = {u € A*: M(u) > c}
for al c € | .Then CIFL(A*) is closed under the c-cut. (ie,
X1.E CIFL(A") forallcel).
Proof. Since A € CIFL(A*), we have A(puvqg) = A(pvuq) for
al p,g,uv e A
So puvg € A, ¢ <A (puvg) = A (pvuqg) < pvuq €4, for all
p,g,uv € A-. Hence CIFL(A®) is
closed under c-cut.

is closed
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Theorem 3.8. CIFL(A*) isa*-variety of |-fuzzy languages.
Proof. Follows from Lemmas 3.2, 3.3, 3.4, 3.5,3.6 and 3.7.
Let 1 € CIFL(A*) and A,,;, be the generalized fuzzy
language determined by A . Then from the definition of A,,,;,,,
we have
lmin(pUVq) =Auveuy )'(puvq)
=Auvevv A(pruq)
= Anin(PVUQ)
for al p,g € Arand U,V € F(A%). ThusA iscommutative if
and only if the generalized fuzzy language determined by A
satisfies the condition
Amin(®@UVQ) = Apin (VU ),
for al p,g € A~and U,V € F(AY).
The followingresult showsthat CIFL;,(A*) is closed
under the operation meet A.
Lemma3.9. If 4, and 1, arein CIFL(A*), then (A; A A2)min
belongs to CIFL yin(A*).
Proof. Let A;,4, € CIFL(A*) then A, (pUVq) =
Almin(pVUQ)and AZmin(pUVQ) :AZmin(pVUq)y for all p.q
€ Arand U,V € F(A"). By the definition of A, We have
Aimin A A2min) UV Q) = Aimin(@UVQ) A Azmin UV Q)
= Aimin®VUQ) A dgmin (PVUQq)
= (llmin A AZmin)(pVUq)
or adl pg € Axand UV € F(A*). Thus (Aymin A damin) €
CIFLmin(A%).Since (A4 A A min = dimin A Azmin » (A4 A
A2)mirn belongsto CIFL yin(A*).
Thefollowing resultshowsthat CIFL in(A*) is closed
under quotients.
Lemma 3.10. If A;,A,€ CIFL(A®), then(A; " A,)min and
(A2 ™D min @€ in CIFLpin(A%).
Proof. Let A;,1, € CIFL(A*) then A (pUVq) =
Amin@VUq) and Azpiy UV Q) = Aprmin(@VUq) , for al p,
g € A~and U,V € F(A*). By the definition of |eft quotient, we
have
(AzrlninAZmin) (PUVq)
= Vwear Aamin(W@UVQ)) A Aignin(W)),
= Vwear Qamin(Wp(UV)q) A Ain(W)),
= Vyea* (/12min (WP(VU)Q) A /11min (W)):
= Vyea* (/12min (W(pVUq)) A /11min (W))'
= (AzﬁlinAZmin)(pVUQ)
for dl pg € A*and UV € F(A%). Thus (A }indzmin) €
CIFLyin(A%). Similarly we can prove that AyminAimi €
CIFLmin(A?). Since (A ' A)min = (AiminAzmin) ~ and
(Azll_l)min = AZminll_rlnin , we have (Al_llz)min and
(A2, ™D min belONgs to CIFL min(AX).
Lemma 3.11. Let A,B be finite aphabets, @ : F(A*) -
F(B*) be a homomorphism and A € CIFL,(A*). Then
O\(p_l)min eCl I:I—min(A*)-
Proof. We have
(Amin(p_l)(pUVQ) = Amin((p(pUVQ)),
= Zmin(0 @V (a))
= Inin(@ @)oo W)o(q))
= Anin(0(@VUD)
= (Amin(p_l)(pVUQ)
for dl pq p,ge€ A* and U,V € F(A").
O\(p_l)min € Cl I:I—min(A*)-
(A0 Dmin = Amin® ™", A@™ D min ECIFLin(A”).
from the above lemma it follows that CIFL,;,(A*) is closed
under inverse homomorphic images.

Thus
Since
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Theorem 3.12 CIFL(A") isaconjunctive variety of [-fuzzy
languages.

Proof. By Lemmas 3.9 and 3.10, CIFL ,;,(A*) is closed under
meet and quotients. By Lemma 3.11, CIFL,,(A*) is closed
under inverse homomorphic images. Hence CIFL(A*) is a
conjunctive variety of |-fuzzy languages.

IV. CONCLUSION

We have studied varieties of class of |-fuzzy languages.

The varieties of different class of fuzzy languages have been
studied by many authors. In this paper we have studied
varieties of commutative I-fuzzy languages. We have proved
that the class of commutative |-fuzzy languages is *-variety
and conjunctive variety of |-fuzzy languages.
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