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Moment Redistribution in Continuous RC
Beams Top Strengthened with Steel and CFRP
Plates
Amr Ibrahim, Ayman Khalil, Shady Salem, Mahmoud El-Kateb

Abstract: It is common practice to retrofit continuous
reinforced concrete (RC) beams by fiber reinforced polymer
(FRP) or steel plates. This can cause a significant amount of
moment redistribution (MR) which results in an efficient and
economic design when taken into consideration. There is lack in
research regarding MR in continuous RC beams when
strengthening plates are applied only at the top side at the hogging
regions. The main purpose of this paper is to assess MR in
continuous RC beams top strengthened with steel and/or carbon
fiber reinforced polymer (CFRP) plates. In this respect, a
nonlinear finite element model was developed using ABAQUS
6.14 and validated using experimental research program. The
model was found capable of stimulating the behavior of such
beams and hence assessing the percentage of MR which can be
achieved using steel and CFRP strengthening. A parametric study
is conducted to investigate the effect of various parameters,
different from those investigated in the experimental program, on
the MR in continuous RC beams. Parameters related to the
concrete compressive strength, reinforcement ratio, beam
thickness and thickness of strengthening plates were considered in
this study. The results showed that significant amounts of MR can
be achieved using either steel or CFRP plates and that MR is
enhanced with the change in concrete compressive strength.
Moreover, it was found out that the change in steel bars
reinforcement ratio or in thickness of the strengthening plates has
different effect on the beams strengthened with steel plates than
those strengthened with CFRP plates.
Keywords : Moment redistribution, strengthening, steel plates,
CFRP plates

I. INTRODUCTION

There are various reasons to which existing continuous
reinforced concrete (RC) beams may need strengthening or
retrofitting, increasing the flexural strength, ductility or even
durability. Strengthening using steel plates has many
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advantages regarding increasing the strength and ductility of
the beams, as well as the adequate bond strength with
concrete. Moreover, adding fiber-reinforced polymer (FRP)
materials to RC structures was found to be an effective
technique to improve the strength and durability of such
structures [1,2]. However, research has revealed that FRP
strengthening of flexural members reduces the ductility prior
to FRP debonding [3-6]. The elastic nature of the FRP
generally leads to a more brittle failure of FRP-strengthened
RC members. Strengthening of Continuous RC beams often
leads to significant amounts of moment redistribution (MR)
which is usually carried out by increasing the moments at the
sagging zones and reducing the moments over supports [7].
This is done by the application of the strengthening plates at
the sagging regions of the beams between the supports, or at
both the sagging and hogging zones [4].
The previous research on externally bonded (EB) and near
surface mounted (NSM) plated structures was mainly
addressing the bond behavior between the plate and the
concrete interface [8-10]. Researchers have also developed
different approaches to measure the ductility of beams when
having external strengthening [4,11], but none of them is
used to quantify the MR of continuous plated structures.
Furthermore, the design guidelines [12,13] tend to neglect the
effect of MR in plated structures. However, previous carried
out tests clearly show that significant amounts of MR can be
obtained in both EB and NSM plated beams [14-16]. These
tests were carried out on beams strengthened at the sagging
zones between supports only or at both the sagging and
hogging regions. However, there is a lack in research
regarding MR in continuous RC beams only top strengthened
at the hogging zones.
This paper presents a numerical investigation for the MR
in continuous RC beams when top strengthening plates are
applied to the hogging zones of those beams. This is to deeply
assess the strength and flexural behavior of top plated RC
beams. The numerical study includes the development of
finite element (FE) models, capable of simulating the
non-linear behavior of reinforced concrete. The models were
first calibrated and validated with the results of an
experimental program, which was conducted on a set of eight
top strengthened continuous beams. Then, the validated
models were used to simulate the response of full-scale
continuous two span concrete beams top strengthened with
steel and CFRP plates. A parametric study is performed to
investigate the effect of different factors than those studied in
the experimental analysis.

3472

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

Moment Redistribution in Continuous RC Beams Top Strengthened with Steel and CFRP Plates
This would help structural engineers to predict the amount
of MR, ultimate load carrying capacity and deflection values
in top plated beams.
II. EXPERIMENTAL PROGRAM
The beams, which were tested in the experimental
program, had two spans with span length of two meters. The
beams were loaded by two concentrated loads, each load was
applied at the mid-span. Figure 1 shows the configuration of
the test specimens, location of the loads and position of
installed strengthening plates. The cross sections of the
beams were designed as T-sections to increase the flexural
capacity of the section at mid-span between the supports and
to avoid early failure of the beam at mid-span section, this
will permit higher amounts of MR to occur at the ultimate
load capacity of the tested specimens. The beams had a width
of 200 mm and height of 350mm. The used plates were
implemented at the flanges of the beam within the effective
width of the slab rather than in the web of the beam to avoid
the presence of an intermediate column if any. The
dimensions of the steel plates were 50 mm in width and 6 mm
in thickness, while the CFRP laminates were of 50 mm in
width and 1.2 mm in thickness. The length of all
strengthening plates was 1500 mm.
Table 1 summarizes the test matrix showing the tested
parameters. The labelling scheme for strengthened beams
depend on the type, number and method of installment of the
used plates. These symbols start with a letter C or S
depending on the material of the plate, C for carbon and S for
Steel, followed by a letter E or N depending on the method of
installment of the plate where E is for externally bonded and
N is for Near surface mounted, followed by a digit indicating
the number of used plates. For example, beam CN1 is
strengthened with 1 NSM CFRP plate, while beam SE1 is
strengthened with 1 steel externally bonded plate.

Table 2 lists the predicted and the experimental bending
moments at the central support and at the mid-span
cross-sections of all the beams. Msag.and Mhog. are the
experimental sagging and hogging moments, while Msag.el and
Mhog.el are the flexural moments in the sagging and hogging
zones at the elastic state without any form of moment
redistribution and were calculated by eqs. (1) & (2) which
were used in the study done by Aiello et al. [17]. The stiffness
of the beams was conventionally considered to be constant
along the whole length. The percentages of change, Msag &
Mhog were calculated using eqs (3) & (4). The average
percentage of MR was calculated by taking the mean value of
both Msag.el and Mhog.el, but after changing the sign of Msag.el.
The symbol l refers to the span length, while a is the distance
of applied loads (0.5Pu) from the central and end supports
respectively.
(1)
(2)

(3)
(4)
Table 1. Test matrix
Specime
n
B1
SN1
SE1
SN2
SE2
CN1
CE1
CN2

Material
of plate
No plates
(Control)
Steel
Steel
Steel
Steel
CFRP
CFRP
CFRP

Number
of plates

Method
of
Installment

---

---

1
1
2
2
1
1
2

NSM
EB
NSM
EB
NSM
EB
NSM

It was noticed in table 2, that the control beam recorded a
significant amount of average MR without strengthening. All
the beams have seen moment redistributions from the
sagging to the hogging zones, Beams SN2 and SE2 had the
highest average values of MR with 70.69 % and 64.67 %
respectively. Beam CE1 had a sufficient amount of MR with
39.52 % which is higher than that recorded by beam B1
despite the debonding that occurred between the CFRP plate
and the concrete surface.
IV. NUMERICAL MODELING

Fig. 1.Test setup (dimensions in mm). 1 - Steel or CFRP
EB plate; 2 - Steel or CFRP NSM plate; 3 - roller support,
4 - load cell.
III. TEST RESULTS
For the tested beams, a linear elastic analysis was
considered to predict their failure loads, and the
corresponding moments at the sagging and hogging zones.
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Eight specimens were modelled using ABAQUS 6.14 [18]
to simulate the behavior of top strengthened RC continuous
beams. This was carried out to verify the FE models against
the experimental results in terms of load-deflection, and load
strain responses. The accuracy of the results mainly relies on
the FE mesh, constitutive material models and the boundary
conditions. Therefore, these aspects are accurately
investigated in the proposed FE
model.
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In the current model. The mesh intensity is kept the same
for the whole concrete part of the model, as shown in Fig. 2.
Table 2. Test results
Specimen

Pu

Msag.

Mhog.

kN
B1
SN1
SE1
SN2
SE2
CN1
CE1
CN2

467.19
480.86
475.00
561.37
525.72
462.27
404.71
468.55

Msag.el

Mhog.el

kN.m
53.40
44.67
43.88
41.21
42.30
46.22
44.50
44.07

-126.81
-151.10
-149.75
-198.27
-178.26
-138.71
-113.37
-146.14

73.00
75.13
74.22
87.71
82.14
72.23
63.24
73.21

A regular structured hexahedral mesh is used with a mesh
size of 50 mm, as shown in Figure 2. Discrete reinforcement
bars and shear stirrups were defined using three-dimensional
truss elements in linear order, while the strengthening plates
were defined as solid homogeneous part.
A. Steel modeling
Bi-linear model is used for steel reinforcement bars and
steel plates. The Young’s modulus and Poisson’s ratio were
taken equal to 200 GPa and 0.2 respectively. The yield and
ultimate strengths for the steel reinforcement were taken
equal to 360 MPa and 520 MPa, respectively. While, the
same strengths were taken as 425 MPa and 566 MPa for the
steel plates respectively.
B. Concrete modeling
Concrete damage plasticity model is used to model the
concrete. The compressive strength defined in this study is
28.7 MPa. The values of stress and inelastic strain in both the
compressive behavior and compression damage were
evaluated with respect to the concrete characteristic
compressive strength and the modulus of elasticity. Also, the
values of stress and cracking strain in both the tensile
behavior and tension damage were also determined according
to the concrete compressive strength and modulus of
elasticity. Tension stiffening is used to model the post-failure
behavior for direct tension across cracks, which allows the
definition of the strain softening behavior for cracked
concrete. The total strain at which the tensile stress is reduced
to 10% of its maximum value is taken in previous studies as
8.7 times the tensile cracking strain as shown in figure 3.

-87.60
-90.16
-89.06
-105.26
-98.57
-86.68
-75.88
-87.85

[%] of
change,
Msag

[%] of
change,
Mhog

Average
[%] of MR

-26.85
-40.55
-40.88
-53.02
-48.50
-36.02
-29.64
-39.80

44.76
67.59
68.14
88.36
80.84
60.03
49.39
66.34

35.81
54.07
54.51
70.69
64.67
48.02
39.52
53.07

C. Steel-concrete interaction
The interaction between the internal steel reinforcement
bars and the concrete was defined using the truss in solid
technique option that used in ABAQUS 6.14. This technique
defines the embedded elements as truss elements simulating
the reinforcement bars while the host region was specified as
the continuum solid elements simulating the concrete beam.
The surface-to-surface contact algorithm was used to model
the contact surface between the top side of the beams and the
strengthening steel plates.
D. Concrete-CFRP contact
The surface-to-surface contact between the CFRP plates
and the top side of concrete was defined as cohesive behavior
with damage initiation at 4 MPa in normal stresses and 6 MPa
in shear stresses to stimulate the debonding of the CFRP
laminate from the concrete, the damage evolution
displacement type and with linear softening. The ratio of the
total displacement to the plastic displacement was considered
0.1, the damage stabilization had a viscosity coefficient of
1E-5.

Fig. 3.Modified concrete tension stiffening model
V. MODEL VALIDATION
The finite element model is validated against the
specimens tested in the experimental program. The predicted
ultimate load and failure mode for each specimen were
carefully examined against the test results.
Fig. 2.Typical finite element mesh of strengthened beams
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The FE results, including the relations between the load and
mid-span deflection and typical modes of failure for each of
the models, are presented. In order to verify the FEM, a
comparison between the results of the experimental tests and
the finite element analysis was carried out in the following
sections.
A. Strength of beams
Table 3 shows the ultimate load carrying capacity and the
displacements obtained from the experimental investigation
and the corresponding FEM predictions for the beams, as
well as the ratio between FE and the experimental results for
the ultimate loads. The table also shows the elastic stiffness
values which were calculated using the loads and the
displacements measured at the end of the elastic stage. The
ultimate loads obtained from the finite element analysis
represent the load levels at which the model failed to reach
convergence which means either the concrete or the steel
strain reached its ultimate value. The average ratio between
the FE and experimental results for ultimate loads is 110.56%
with a standard deviation of 8.82%. The Table shows that the
maximum difference between the FE and experimental
ultimate load was reported for beam CE1. This is due to to the
debonding between the CFRP laminate and the concrete
surface.

Bea
m
B1
SN1
SE1
SN2
SE2
CN1
CE1
CN2

Failure load at each
span
0.5Pu (kN)
FE
Exp.
225
234
285
240
274
238
299
281
300
263
238
231
253
202
246
234

Elastic Stiffness
(0.5P/Δ)el.
(kN/mm)
FE
Exp.
40.63
35.87
34.47
32.12
48.55
39.15
36.9
32.98
37.95
41.41
36.43
34.68
40.81
38.53
41.29
36.75

Maximum
Deflection (Δu) (mm)
FE
Exp.
29.78
27.15
19.98
19.36
17.51
17.13
22.02
19.61
19.62
18.63
15.99
15.93
26.22
29.75
16.02
14.44
Average
Standard deviation

C. Failure modes
All FEM experienced the same failure mode as the
experimental specimens. Moreover, the FEM followed the
same failure sequence as the experimented beams, where the
failure of beams B1, SN1, SE1, CN1 and CN2 commenced
through yielding of the lower steel reinforcement bars at the
sagging regions. The FE results showed the failure in Beams
SN2 and SE2 started with both the yielding of lower steel
reinforcement at the sections near the load application points,
and with the crushing of concrete at the bottom side of the
concrete near the intermediate support section, which is
consistent with the failure modes observed in the
experimental investigation as shown in figure 5.
Furthermore, the FE model showed that instability damage
for beam CE1 which resulted from the debonding of the
CFRP laminate from the concrete surface which is also
consistent with the experimental results. Hence, revealing is
applicable for detecting the failure modes in the investigated
beams whether in the tension side or in the compression side
or through instability. Figure 5 shows the failure modes by
the FEM for all beams and their counterpart experimental
failure modes.
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B. Deflection
Figure 4 shows the load deflection behavior regarding the
experimental and FE results for all beams. According to
load-deflection curves, it is noted that there is strong
agreement with the experimental and FE results, especially in
the elastic stage. After that, the FE load values in beams SN1,
SE1, SN2, SE2 and CE1 begin to slightly increase than the
experimental load values. For beam B1, it was noticed that
the load deflection behavior was almost identical in the
elastic stage before the experimental load values begin to
decrease than the FE results until failure. For beams CN1 and
CN2 the experimental and FE deflection values were almost
the same throughout the whole loading process. The FE
model is also considered reliable in predicting the deflection
values until failure. Table 1 lists the maximum deflection
values for all beams as well as the ratio between the FE and
experimental results. The results show that the maximum
deviation for the ultimate deflection is in the range of 10%
with a standard deviation of 7.24%. The average ratio
between the FE and experimental results for ultimate
deflection is 104%. Regarding the elastic stiffness values for
both the tested beams and FE models, it can be noted that the
average ratio between the experimental and FE is in the range
107%. The maximum deviation is in the range of 12% with a
standard deviation of 6.58%. These deviation values can
prove the reliability of the adopted FEM results.
% (FE / Exp.)
0.5Pu
96.42
118.65
115.49
106.55
114.19
103.14
125.23
104.80
110.56
8.82

(0.5P/Δ)el.
113.27
107.31
110.70
111.89
91.64
105.04
105.90
112.35
107.26
6.58

Δu
109.69
103.20
102.22
112.29
105.31
100.38
88.13
110.94
104.02
7.24

D. Model validation
The FE models show very good agreement with the
experimental results according to the presented validation
results. Due to using the simplified bi-linear modeling for the
steel material, a slight difference may be observed in the
plastic range between the FE models and the experimental
results. Therefore, the FE models can be confidently used to
extend the experimental program and investigate a wider
range of parameters to investigate the effect of various factors
on the flexural behavior of continuous RC beams.
VI. PARAMETRIC STUDY
A parametric study was conducted on a total of 18 beams
to investigate the effect of different parameters on the MR in
top plated beams. The main parameters tested in this study
are the concrete compressive strength (fcu), reinforcement
ratio (µ), beam thickness (tb) and the thickness of the
strengthening
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Fig. 4.Finite element results vs Experimental results
plates (tpl) as shown in table 4. The NSM steel
strengthening technique was applied to all the beams
investigated because it was noticed in the experimental
program that the steel NSM plates produced better results
regarding the percentage of MR achieved and the increase in
load carrying capacity than the steel EB ones, especially
Retrieval Number: F8898038620/2020©BEIESP
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when 2 plates were applied. B1’ to B9 were strengthened
with 2 NSM steel plates, while beams B10 to B18 were
strengthened with 2 NSM CFRP laminates.
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Another reason for the implementation of The NSM
plating technique in this study was to avoid the debonding of

the CFRP plates from the upper concrete surface in beams
B10
to
B18.

Table 4. Details of beams in the parametric study
Beam ID
Strengthened
with steel plates
B1’
B2
B3
B4
B5
B6
B7
B8
B9

Strengthened
with CFRP plates
B10
B11
B12
B13
B14
B15
B16
B17
B18

Concrete
compressive
strength (fcu)
(MPa)
25
35
45
25
25
25
25
25
25

A. Results
This section presents the results of all the beams analyzed
in the parametric study. The results are presented in terms of
the percentage of MR achieved for each beam and the
load-maximum deflection relation at the sagging zones.
Table 5 shows the results for beams B1’ to B9, while table 6
shows the results for beams B10 to B18. Msag(FE) and Mhog(FE)
are the sagging and hogging moment evaluated from the FE
models. Msag.el and Mhog.el and the percentages of change, Msag
& Mhog were calculated using equations 1,2,3 and 4
mentioned earlier. The percentages of MR enhancement were
calculated relative to beam B1’ for beams B2 to B8, while the
same percentages were calculated relative to beam B10 for
beams B11 to B18.
B. Beams strengthened with steel plates
It was noticed from table 5 that the percentage of MR is
increased with the increase in fcu as was concluded from the
results of beams B1’, B2 and B3. This is because the beams
strengthened with 2 steel plates in the experimental program
had failed as a result of the crushing the bottom concrete
surface at the section near the intermediate support, and
increasing the compressive strength will strengthen the
compression side at the intermediate support section and will
prevent or postpone the brittle crushing of the beams. Thus,
allowing for more MR to take place. It was also observed that
the increase in the steel bars reinforcement ratio negatively
affects the MR, as noticed from the results of beams B1, B4
and B5. This could be due to the fact that increasing the
cross-sectional area of the reinforcement steel bars would
further enhance the strength of the tension side at the critical
sections, leading to the increase of the opposing compression
forces acting on the section to cause equilibrium.
Consequently, this will result in early crushing of the
concrete before MR is achieved to the maximum possible
limit. It was also found out that MR decreases with the
increase in beam thickness. However, MR is enhanced with
the increase in the thickness of the applied plate due to the
increase in the flexural stiffness of the strengthened section
which causes the increase in the hogging moment at the
intermediate support the expense of the sagging moments
between supports. Figure 6 shows the relations between the
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Main upper and
lower rft. (rft. Ratio
(µ))

Beam
thickness
(tb) (mm)

Thickness of
plate (tpl) (mm)
Steel
plates

CFRP
plates

4ϕ10 (0.47%)
350
6
1.2
4ϕ10 (0.47%)
350
6
1.2
4ϕ10 (0.47%)
350
6
1.2
4ϕ12 (0.67%)
350
6
1.2
4ϕ16 (1.2%)
350
6
1.2
4ϕ10 (0.47%)
450
6
1.2
4ϕ10 (0.47%)
550
6
1.2
4ϕ10 (0.47%)
350
8
1.8
4ϕ10 (0.47%)
350
10
2.6
applied loads and the maximum deflections measured at the
sagging zones for all beams strengthened with steel plates.
C. Beam strengthened with CFRP plates
As we can see in table 6 that the percentage of MR was
enhanced with the increase in the compressive strength of the
concrete, which is the case in beams strengthened with steel
plates. Moreover, increasing the reinforcement ratio has
improved the values of MR recorded, opposing to the case of
steel strengthening. This is because that the beams
strengthened with CFRP plates in the experimental program
has failed due to yielding of steel at one of the sections near
the load application points, and increasing the reinforcement
bars will strengthen the tension side at the sagging zones and
will allow for more MR to be achieved. However, the
percentages of MR were negatively affected with the increase
in the beam thickness. Regarding the thickness of the CFRP
laminates, it was found out that increasing the thickness of
the laminate from 1.2 mm to 1.8 mm has enhanced MR by
about 32% achieving an average percentage of 30%.
However, the enhancement in MR was not as significant
when the thickness of the plate was increased to 2.6 mm as
the MR measured reached about 27%, which is less than that
recorded when using the thinner laminate with 1.8 thickness.
This is due to the debonding of the CFRP laminates from the
concrete in beam B18, which indicates that increasing the
thickness of the CFRP strengthening is not always in favor of
MR enhancement. Figure 7 shows the relations between the
applied loads and the maximum deflections measured at the
sagging zones for all beams strengthened with steel plates.
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Table 5. Results of the beams strengthened with steel plates
Specimen
B1’
B2
B3
B4
B5
B6
B7
B8
B9

Msag(F

Pu

Msag.

Mhog(FE)

E)

kN
601.
86
718.
36
776.
47
663.
2
650.
02
768.
14
855.
86
611.
15
656.
02

el

Mhog.

[%] of
change,
Msag

[%] of
change,
Mhog

-112.85
-134.69
-145.59
-124.35
-121.88
-144.03
-160.47
-114.59
-123.00

-35.21
-36.59
-39.64
-30.13
-22.89
-25.96
-18.24
-37.61
-38.72

58.68
60.98
66.06
50.22
38.16
43.26
30.41
62.69
64.54

el

kN.m
60.93
71.18
73.24
72.40
78.31
88.87
109.3
3
59.58
62.81

-179.07
-216.82
-241.77
-186.80
-168.38
-206.33
-209.27
-186.43
-202.39

94.0
4
112.
24
121.
32
103.
63
101.
57
120.
02
133.
73
95.4
9
102.
50

Avera
ge [%]
of MR
46.95
48.78
52.85
40.18
30.52
34.61
24.33
50.15
51.63

% of MR
enhancement

3.91
12.58
-14.42
-34.98
-26.28
-48.18
6.83
9.98

(a) Typical failure mode (tension damage) in beams B1, SN1, SE1, CN1 & CN2

(b) Concrete crushing (compression damage) in beams SN2 & SE2

(c) Debonding of the CFRP plate in beam CE1

Fig. 5.FEM versus experimental failure modes
Table 6. Results of the beams strengthened with CFRP plates
Specim
en
B10
B11
B12
B13
B14
B15
B16
B17
B18

Pu

Msag(FE)

Mhog(FE)

Msag.

Mhog.el

el

kN
491.04
534.85
552.84
521
593.58
630.85
794
513.16
508.48

63.72
66.98
68.76
67.30
73.59
84.43
108.40
62.18
63.44
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kN.m
-118.08
76.73
-133.47
83.57
-138.90
86.38
-125.90
81.41
-149.61
92.75
-146.58
98.57
-180.20
124.06
-132.22
80.18
-127.36
79.45

-92.07
-100.28
-103.66
-97.69
-111.30
-118.28
-148.88
-96.22
-95.34

3478

[%] of
change,
Msag
-16.95
-19.86
-20.40
-17.33
-20.66
-14.35
-12.62
-22.45
-20.15

[%] of
change,
Mhog
28.25
33.09
34.00
28.88
34.43
23.92
21.04
37.42
33.59

Avera
ge [%]
of MR
22.60
26.47
27.20
23.10
27.54
19.13
16.83
29.93
26.87

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

% of MR
enhancement
17.14
20.35
2.23
21.86
-15.34
-25.52
32.45
18.88
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Fig. 6.Load-mid span deflection for beams strengthened with steel plates

Fig. 7.Load-mid span deflection for beams strengthened with CFRP plates
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VII. CONCLUSIONS
The NSM steel and CFRP plating technique at the hogging
zones can cause up to 52 % and 30 % redistribution of
moments from the sagging to the hogging regions
respectively. It was also found that increasing the
compressive strength of concrete enhances MR in continuous
RC beams, while increasing the beam thickness reduces MR
using either steel or CFRP top strengthening technique.
Additionally, MR is enhanced with the increase in steel bars
flexural reinforcement ratio in the beams top strengthened
with 2 NSM CFRP laminates, while it is negatively affected
by the increase in flexural reinforcement ratio in the beams
top strengthened with steel plates. Moreover, higher
thicknesses of the applied strengthening steel plates enhance
MR in continuous RC beams. Furthermore, increasing the
thickness of the strengthening NSM CFRP laminates
enhances MR. However, debonding between CFRP and
concrete tend to occur when using large thickness laminates.
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