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Abstract: In this paper, a non-linear mathematical model is 

proposed with the thought of treatment to depict the spread of 
infectious illness and assessed with three contamination stages. 
We talk about the dynamical behaviour and analytical study of the 
framework for the mathematical model which shows that it has 
two non-negative equilibrium points i.e., disease-free equilibrium 
(DFE) and interior(endemic) equilibrium. The outcomes show 
that the dynamical behaviour of the model is totally determined by 
the basic reproduction number. For the basic reproduction 
number , the disease-free equilibrium is locally as well as 
globally asymptotically stable under a particular parameter set. In 
case , the model at the interior equilibrium is locally as 
well as globally asymptotically stable. Finally, numerical 
solutions of the model corroborate the analytical results and 
facilitate a sensitivity analysis of the model parameters.  
 

Keywords: Epidemic model, Three stages of treatment, Basic 
reproduction number, Global stability, Local stability, Sensitivity 
Analysis. 

I. INTRODUCTION 

Epidemiology, the study of disease transmission is 

viewed as an essential investigation of general wellbeing. It is 
a strategy for causal thinking dependent on creating and 
testing theories relating to the event and anticipation of 
grimness and mortality. Epidemiology is the investigation of 
the dispersion and determinants of health-related states or 
occasions in indicated populations and the utilization of this 
examination to the control of medical issues. At first, the 
terms were connected to make reference to just examination 
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of irresistible sicknesses. In analyzing the allocation of 
illness, it is important to differentiate between domination and 
occurrence. 

A mathematical model is an imaginary microworld 
comprising of substances carrying on as indicated by exactly 
determined standards. Mathematics gives us a language for 
defining these principles of conduct in a concise and 
unambiguous way, in this manner driving and helping us to 
clearly express our presumptions. In this way, inside the 
setting of the model, we can make forecasts of things to come 
of our fictional universe and furthermore ponder how these 
expectations change as the tenets administering the elements 
depicted by the models are varied. Numerical demonstrating 
assumes a critical job to comprehend the study of disease 
transmission of an irresistible ailment considering the primary 
components administering the advancement of an illness, for 
example, transmission and recuperation rate. Mathematical 
models are being utilized to foresee how the infections will 
spread over some undefined time frame. As of late, numerous 
mathematicians have been made to create realistic 
mathematical models for exploring the transmission dynamics 
of irresistible sicknesses, and the asymptotic practices of 
these epidemic models are considered [1, 2, 3, 4]. Many 
mathematical models have been proposed to study the 
infectious illness (which spread individual to individual), for 
example, Swine influenza, smallpox, conjunctivitis and 
HIV/AIDS and so on [5, 6]. Donahue et al. given some in 
vitro exploratory proof of the stage-subordinate hindrance of 
HIV-1 by antiretroviral drugs. They found in single-round 
contaminations in cell culture, the expansion of an integrase 
inhibitor at different occasions after disease brought about 
viral restraint equivalent to or more prominent than that 
accomplished by the expansion of an RT inhibitor [5, 7]. 

One of the fundamental issue in the investigation of the 
conduct of the pandemic model in the analysis of steady states 
and their stability [8]. At the point when the number of 
inhabitants in every compartment does not show any structure 
(as age, space and so forth.) and no defer procedure is 
considered, the time advancement of such compartments is 
portrayed by ordinary differential conditions (ODEs) [9]. In 
the research literature, it was much of the time expected that 
the ailment brooding is unimportant [1, 2, 3, 10, 11, 12]. 

In this paper, we proposed an epidemic model of disease 
dynamics with three phases of treatment. For this, first, we get 
equilibrium point and afterwards determine the basic 
reproduction number and the stability condition for 
disease-free equilibrium and endemic equilibrium.  
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We likewise examine the impact of treatment on disease 
dynamics for each stage. At the point when the treatment is 
100 per cent and not 100 per cent powerful individually, we 
plot the graph for each stage. We get the slope of stages for all 
cases. As in [5, 6, 13, 14, 15]. 

II.  FORMULATION OF MATHEMATICAL MODEL 

In this section, we formulate dynamics of a disease model 
with three stages. The total population is divided into five 
subclasses i.e. susceptible S(t), first infected individual (t), 
second infected individual (t), third infected individual (t) 
and recovered R(t). The total population is denoted by N(t). 
We assume that the total population is constant. The 
schematic diagram is given in figure(1). 

 

 
Figure  1: Schematic diagram of disease model with three 

stages. 
The model is given as follows: 

                              (1) 

                                 (2) 

                                   (3) 

                                   (4) 

                                      (5) 
 

with initial conditions:  
 

 
where  is the total population at 
time t. The descriptions of all parameters are summarized in 
Table 1. 

 
Table  1: Definitions of parameters for the system (1)-(5) 

Parameter Description 
  Growth Rate 
  Infection Rate 
  Death rate of uninfected individuals 
  Death rate of infected individuals 

  Transition rate of infected class from first 
stage to second stage 

  Transition rate of infected class from 
second stage to third stage 

  Transfer rate from recovered to susceptible 
individuals 

  Recovery rate for third infection class 

III. ANALYSIS OF THE MODEL    

In this part, we have analyzed boundedness,  the 
basic reproduction number, equilibrium points for all the 
feasible states, local and global stability for both the states 
(disease-free and endemic). 

A. Boundedness 

Since the total number of population is N. Therefore 
, 

The above equation can be write as,  

     (6) 

Let   

                (7) 

If  then  

Hence total dynamics of the system is bounded. 
 
In the following sections, we will study the dynamical 

behavior of the system (1)-(5). 

B. Disease-free Equilibrium 

The system (1)-(5) always has the disease free 

equilibrium,  where,  which 

presents the level of susceptible population in the absence of 
infection. 

C. Basic Reproduction Number 

The basic reproduction number is defined as an average 
number of secondary infection generates when a single 
infection is introduced into a completely susceptible 
population. The basic reproduction number, sometimes called 
basic reproductive rate or basic reproductive ratio, is one of 
the most useful threshold parameters which mathematically 
characterizes the spreading of infectious diseases. This metric 
is useful because it helps to determine whether or not an 
infectious disease will spread through the population. We 
calculate the basic reproduction number similarly as in [6] Let 

, then from model (1)-(5), it follows: 

 

where, 

               
we get, 

 

 
Hence, next generation matrix for the model is  
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Again, the spectral radius  of the matrix , is the 
basic reproduction number of the model, i.e.,  
hence  

            (8) 

 

D. Interior Equilibrium Points 

The system (1)-(5) also has an interior equilibrium called 
endemic equilibrium given by. 
Where, 

 
 

 

 

 

 where,  and  

The endemic equilibrium point exists iff . 

E. Local Stability Analysis 

In this section, we explore the local asymptotic 
stability of disease-free and endemic equilibrium. Since the 
rate of change of total population size,  satisfies the 

equation  (where,  is growth rate and  is 

natural death rate) and , as .We can obtain 

analytical results by considering the limiting system of (1)-(5) 
in which the total population is assumed to be constant 

. 

Then, the reduced limiting dynamical system is 
given by  

    (9) 

                                              (10) 

                                                (11) 

                                                (12) 
With initial conditions: 

 The local stability for both the equilibria are established as 
follows, 

a) For Disease-free Equilibrium 
The variational matrix at disease free equilibrium point is 
given by 

 
The characteristic equation of  is given by  

 

 
 i.e. 

, , , 
 (which is under condition). 

Therefore,  and we also have 

 i.e, . Hence, if , then the 

disease-free equilibrium is locally asymptotically stable, and 
if , then it is unstable. 
 

b) For Endemic Equilibrium 
The variational matrix at endemic equilibrium point is given 
by 
 

 
The characteristic equation of J is given by 

                    
Where, 

 
 

 

 
  

 Hence, by Routh-Hurwitz criterion [16] the endemic 
equilibrium point  is locally asymptotically stable, 
Otherwise it is unstable 

F. Global Stability Analysis 

a) For Disease-free Equilibrium 
Let  and , and  

  

(Since,  

Therefore, 

At ,    and 

. 

As , . Hence,  is g.a.s. 
Now,  
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Where, 
 

 
Since , we have . Hence , 
Clearly,  is an M-matrix, hence above conditions (H1) and 
(H2) are satisfied and the disease-free equilibrium  is 
globally asymptotically stable, if  
 

b) For Endemic Equilibrium 
To prove this result, the jacobian matrix’J’ for the reduced 

system (9-12) is given below: 

 Now the second additive matrix of ’J’is given by 

 
Where, 

 
 

 
 

 
We consider the function, 

 
So that 

 
Then, 

 

 
Let, 

 
Where, 

 

 

 

 
Now consider the norm in  
as, , where 

 denotes vector in  and denote by  the 
Lozinski  measure [17] with respect to this norm. It follows: 

 
where ,  are matrix norms with respect to the  
vector norm and  denotes the Lozinski  measure [17] with 
respect to the  norm. 

 

 
Again,   

 

 
 Therefore  iff . Hence, if , the 
endemic equilibrium is globally asymptotically stable. 
 

IV. NUMERICAL SIMULATION 
 

        In this Section, we provide numerical simulations to 
illustrate previously established results [6] with the parameter 
values shown in Table 2.  
Table  2: Parameter values used in the simulation for the 

system (1)-(5) 
Parameter Value Dimension 

Growth rate of susceptible ( ) variable days 
Death Rate of uninfected individuals 

( ) 
0.002 days 
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Death Rate of infected individuals( ) 0.001 Days 
Transition rate of infected class from 

first stage to second stage( ) 
0.1 days 

Transition rate of infected class from 
second stage to third stage( ) 

0.3 days 

Recovery rate for third infection 
class( ) 

0.2 days 

Transfer rate from recovered to 
susceptible individuals ( ) 

0.1 days 

Infection rate ( ) variable days 
 

The set of parameter values which is given in table(2), we 
observe the behavior of the system for different values of the 
growth rate  and infection rate  Figures (2) and (3). 

(a) For growth rate  and infection 
rate . We obtain the effective reproduction 
number . Therefore,the disease free 
equilibrium is globally asymptotically 
stable. 

(b) For growth rate  and infection 
rate = . We obtain the effective reproduction 
number . Therefore,the endemic equilibrium 

is globally 
asymptotically stable. 

 
Figure  2: population densities at infection rate 

and growth rate . 

 
Figure  3: population densities at infection rate 

and growth rate . 

V. SENSITIVITY ANALYSIS 

In this section, sensitivity analysis of the effective 
reproduction number has been carried out using the 
normalized forward sensitivity index. The effective 
reproduction number estimates the average number of 
secondary cases per infectious case in a population made up 
of both susceptible and non-susceptible hosts. It can be 
thought of as the number of secondary infections produced by 
a typical infective. Sensitivity analysis tells the importance of 

each parameter in the infectious disease dynamics. Since there 
are usually errors in data collection and presumed parameter 
values, sensitivity analysis is commonly used to determine the 
robustness of model predictions on the parameter values. It is 
used to discover parameters that have a high impact on 
effective reproduction number . Disease transmission is 
directly related to the effective reproduction number, and the 
disease prevalence is directly related to the endemic 
equilibrium point , specifically to the magnitude of . Since 
we have the explicit expressions for , here we derive 
analytical expressions for its sensitivity index of  on each 
parameter. The effective reproduction number  is a 
function of eight parameters  and . The 
normalized sensitivity indices for eight parameters are 
obtained as  
 

 

 
 

 
 

 
 
Using parametric values of Table (2), the sensitivity indices of 
effective reproduction number  for eight different 
parameters are shown in Table (3): 
 

Table  3: The sensitivity indices, , of the 

effective reproduction number  to the parameters,  
for parameter values given in Table (2) at  = . 

Parameter ( ) Sensitivity index of  w.r.t.  ( ) 

 1.000 

 -1.000 

 -0.980392 

 1.000 

 +0.000 

 0.000 

 0.000 

 -0.0196078 

 
By using parametric values of Table(2), the sensitivity 

indices of reproduction number for eight different parameters 
are shown in Table(3). We observe that  and  are highly 
sensitive,  and  are moderately sensitive and  is less 
sensitive to effective reproduction number. 

Similarly, we can calculate the sensitivity indices of 
endemic equilibrium point  for eight different parameters 
using parametric values of Table(2). 
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VI. DYNAMICS OF A DISEASE MODEL IN THREE 

STAGE WITH TREATMENT 

In the previous section, we study the dynamics of a disease 
model in three stages without treatment. Now, we will add 
some treatments in this model. The analysis is performed with 
the assumption that drug treatment is 100 percent effective 
and the target cell count remains unchanged during treatment. 
[5] 

A. Mathematical formulation of the model 

Therefore, the model including treatment from 
different drugs classes is given as follows:  

                                 (13) 

                       (14) 

                         (15) 

                         (16) 

   (17) 
 

with initial conditions:  
 

 
where  is the total population at 
time t. The descriptions of all parameters are summarized in 
Table (4). 
 

Table  4: Definitions of parameters for the system 
(13)-(17) 

Parameter   Description  
   Growth Rate  
   Infection Rate  
  Death rate of uninfected individuals 
  Death rate of infected individuals 

  Transition rate of infected class from 
first stage to second stage 

  Transition rate of infected class from 
second stage to third stage 

  Transfer rate from recovered to 
susceptible individuals 

  Recovery rate for third infection class 
  The effect of treatment in first stage 
  The effect of treatment in second stage 
  The effect of treatment in third stage 

a) The Basic Reproduction Number 
We derive the basic reproductive number using the spectral 
radius of the next generator operator of system (13)-(17) as 
follows: The system (13)-(17) has a disease free equilibrium 

 where, . Let , then 

from model(13)-(17), it follows: 

 
Where, 

 
We get, 

 
 = 

 
Hence, next generation matrix for the model is 

 
Again, the spectral radius  of the matrix , is the 
effective reproduction number of the model, i.e., 

 Hence, 

 
       In the case of disease-free equilibrium, the basic 
reproduction number  shows that disease-free 
equilibrium is stable. Similarly, The local stability and global 
stability of this system is calculated in the same way as the 
dynamics of disease model is calculated for without 
treatment. Now we only discuss the effect of treatment in each 
stages: 

b) Effect of treatment 
       Assuming the treatments are 100percent effective. We 
find that the population densities undergoes an exponentially 
increase since treatment initiation.When the first infection 
stage is 100 percent effective(i.e. ), 
the slope of decline in disease is the minimum value of 

 and . We assume that the death 
rate of infected class increases as the infection 
increases . We also choose small values of 
transition rates between stages as 
used in [1]. With these parametric values, the slope of the 
decline in disease under.  is 

. Similarly, when , the slope of decline in 
disease is the minimum value of  and , 
which is . When , the slope of decline in 
disease is . This verifies that as drugs act in the later 
stage of infection the disease experiences a more rapid 
decline. When a perfect combination therapy is 
used( , the decline in disease overlaps 
the decline when the latest infection stage is completely 
blocked as shown in figure (4, 5, 6 and 7) respectively. 
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Figure  4: population densities when treatment is 

100percent effective in all stages 
(i.e. ). 

 
Figure  5: population densities when treatment is 

100percent effective in first stages 
(i.e. ). 

 
Figure  6: population densities when treatment is 

100percent effective in second 
stages(i.e. ). 

 
Figure  7: population densities when treatment is 

100percent effective in third 
stages(i.e. ). 

VII. RESULTS 

The examination of the proposed model demonstrate that 
there exist just two non-negative equilibrium point; the 

disease-free equilibrium  for example at the point when 

there is no disease (as , where i=1, 2, 3) and the endemic 
equilibrium  i.e., when the infection is 
available in the network. The local and global dynamics of 
this model has likewise been considered. The disease-free 
equilibrium is locally and globally asymptotically stable when 
the basic reproduction number  and the endemic 
equilibrium is locally and globally asymptotically stable when 
the basic reproduction number . 

VIII.  CONCLUSION 

In this paper, mathematical models of spreading of 
infectious illness are formulated evaluating the effect of 
treatment. For numerical accommodation, it is accepted that 
the population is in a homogenous domain. Further, the 
population in every compartment does not show any structure 
(as space, area, age, and so on.) with momentary moving 
starting with one compartment then onto the next, the time 
advancement of such compartments is portrayed by the 
arrangement of ordinary differential conditions. The obtained 
invulnerability (either by treatment or exhaustive 
recuperation from disease) should be brief so people who 
recovered from contamination (or who achieved treatment) 
can wind up powerless again after some time. Further, we 
talked about the dynamics of a disease model in three phases 
with and without treatment. 

This work gives a quantitative and methodical examination 
of the impact of various medications on the disease dynamics 
utilizing a multi-organize demonstrate. These models are for 
the most part utilized for the treatment of viral illnesses. 
These two mathematical models in three phases of infection 
with and without treatment can help us for the analysis of 
different sorts of infectious illnesses like Swine Flu, 
HIV/AIDS, Smallpox, Conjunctivitis and distinctive kinds of 
Cancers. 
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