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  

Abstract: We characterize minimal gαρ- closed sets also 

maximal gαρ - open sets in our current article. Maximal gαρ - 

closed sets, minimal gαρ -open sets also reviewed. Counterpart 

of minimal gαρ -open is maximal gαρ closed and in reverse. 

Keywords: minimal gαρ -closed, minimal gαρ -open, 

maximal gαρ -closed, maximal gαρ -open 

I. INTRODUCTION 

In 1970, Norman Levine [1] made known and 

deliberated g-closed sets. Fumie Nakaoka [2], [3], [4] with 

Nobuyuki Oda popularized minimal open sets also take up 

its applications in 2001. sg-closed and gα-closed have 

introduced by [6], [8] & [9] in 1987, 2008 respectively. 

ρ-closed sets were imported by C. Devamanoharan et.al. 

[5], in 2012. Recently Rajakumar et.al.[7], made current, 

the approach of generalized αρ-closed sets. 

II.  PRELIMINARIES 

Definition.2.1 Consider a set M. A set, Q ⸦ M if   it contains 

an open set 𝜙 or Q is prescribed to be a minimal open set. 

Also, it is specified to be maximal open set if it contains an 

open set Q or M. Similarly, it is itemized for closed set. 

Definition.2.2 Let M be a topological space and K ⸦ M.  K is 

minimal closed (open) set if and only if M - K is a maximal 

open (closed) set. 

III. MINIMAL GΑΡ-CLOSED SETS, MAXIMAL               

GΑΡ - OPEN SETS 

Definition.3.1 Consider 𝜙 ≠ K ⸦ M, is minimal gαρ- closed 

if gαρ-closed encompass in K is 𝜙 or K. 
 

Remark.3.2 Minimal closed with minimal gαρ-closed 

self-reliant, from the succeeding examples. 

Example.3.3 Authorize M = {δ, ξ, η} upon τ = {M, 𝜙, {δ}}, 

gαρ- closed sets are M, 𝜙, {ξ}, {η}. {ξ, η} is not minimal 

gαρ-closed though minimal closed.  Also{ξ}, {η} are 

minimal gαρ-closed but not minimal closed. 
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Example.3.4 Let M = {χ, ψ, ω} upon τ = {M, 𝜙, {χ}, {χ, ψ}, 
{χ, ω}}, g αρ-closed sets are M, 𝜙, {ψ}, {ω}, {ψ, ω}. 

Example.3.5 As M = {s, r, k, m} upon τ = {M, 𝜙, {r}}, 

gαρ-closed sets are M, 𝜙, {s} ,  {k} ,   {m} ,   {s,  k},   {s,  

m},   {k, m},   {s, k, m}.   {s, k, m}   is not minimal 

gαρ-closed still it is minimal closed. Further {s}, {k}, {m} 

are minimal gαρ-closed but not minimal closed. 

Examples for the relationships of minimal gαρ -closed sets 

with more noted sets are projected in Fig. 1 

 

Fig. 1. Implication of minimal gαρ- closed sets 

Definition.3.6 Let 𝜙 ≠ Q ⸦ M, is maximal gαρ-open if 

gαρ-open containing Q is Q or M. 

Remark.3.7 Maximal open and maximal gαρ-open are 

self-reliant, from the succeeding examples. 

Example.3.8 Consider M = {χ, ψ, ω} upon τ = {M, 𝜙, 

{χ}}, gαρ-closed sets are M, 𝜙, {ψ}, {ω}, {ψ, ω}.  {χ} is 

no more maximal gαρ-open set though maximal open. 

Likewise {χ, ψ}, {χ, ω} are maximal gαρ-closed not 

maximal open. 

Example.3.9 If M = {m, w, f} upon τ = {M, 𝜙, {m}, {m, w}, 

{m, f}}, gαρ-closed sets are M, 𝜙, {w}, {f}, {w, f}. 

Example.3.10 Take   M= {φ, χ, ψ, ω} upon τ = {M, 𝜙, {χ}}, 

gαρ-closed sets are M, 𝜙, {φ}, {ψ}, {ω}, {φ, ψ}, {φ, ω}, 
{ψ, ω}, {φ, ψ, ω}. {χ} is not maximal gαρ-open still 

maximal open. Further {φ, χ, ψ}, {φ, χ, ω}, {χ, ψ, ω} are 

maximal gαρ-open not maximal open. 

Examples for the relationships of maximal gαρ -open sets 

with more noted sets are projected in Fig.2 
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Fig.2. Implication of maximal gαρ-open sets 

IV. MINIMAL GΑΡ -OPEN SETS, MAXIMAL 

GΑΡ-CLOSED SETS 

Definition.4.1 Consider 𝜙 ≠ E ⸦ M, is minimal gαρ-open if 

gαρ-open contained in E is 𝜙 or E. 

Example.4.2 Consider M = {s, o, n, y} upon τ = {M, 𝜙, 

{s}, {s, o}, {s, n}, {s, y}, {s, o, n}, {s, o, y}, {s, n, y}}, 

gαρ-closed sets are M, 𝜙, {o}, {n}, {y}, {o, n}, {o, y}, 

{n, y}, {o, n, y}. {s} is minimal gαρ-open additionally 

minimal open. 
Theorem.4.3 (i) I f  P  act as minimal g αρ-open and Ras 

gαρ-open. Then P ∩ R = 𝜙 or P ⸦ R. 

(ii) If P, Q persist minimal gαρ-open.  Implies P ∩ Q = 𝜙 or   

P = Q. 

Proof. (i) Contemplate a minimal gαρ-open P, gαρ-open R. 

In case P ∩ R = 𝜙, proved. 

If P ∩ R ≠ 𝜙, we must justify P ⸦ R. Now P ∩ R⸦ P with P 

minimal, implies P ∩ R = P.  Implies P ⸦ R. 

(ii) P, Q minimal gαρ-open. Hence by(i) Q ⸦ P also P ⸦ Q.  

Hence P = Q. 

Theorem.4.4 Consider minimal gαρ-open P. If x ∈ P, 

implies P ⊂ R, ∃ open neighborhood R Э x. 

Proof. Look at a minimal gαρ-open P and x ∈ P. 

∃ open neighborhood R Э x. 

Therefore P  R. 

Hence gαρ contains P ∩ R also P ∩ R ⊂ P, P ∩ R ≠ 𝜙. As P, 

minimal gαρ-open, P ∩ R = P. Implies P ⊂ R. 

⇒⇐. 

Hence P ⊂ R. ∃ open neighborhood R Э x. 

Theorem.4.5 Assume gαρ-open among P ≠ 𝜙.  

(i) P act as minimal gαρ-open 

(ii) P ⊂ gαρ − cl(N ), N ⊂ P , N ≠ 𝜙. 

(iii)  gαρ − cl(P ) = gαρ − cl(N ), N ⊂ P , N ≠ 𝜙. 

Then (i) ⇔ (ii) ⇔ (iii) 

Proof. (i) ⇒ (ii) 

Endorse P be a minimal gαρ-open set including 𝜙 ≠ N ⊂  P. 

Authorize x ∈  P.   

By Theorem 4.4, N ⊂  P ⊂  R.  

Hence N ⊂ R. 

⇒ N = N ∩ P ⊂ N ∩ R. ∵ N ≠ 𝜙. 

Therefore N ∩ R ≠ 𝜙. 

Hence x ∈ gαρ − cl(N ). 

⇒ P ⊂ gαρ − cl(N ) 

(ii) ⇒ (iii) 

Consider 𝜙 ≠ N ⊂ P. 

⇒ gαρ − cl(N ) ⊂ gαρ − cl(P ) → (1). 

From (ii) P ⊂ gαρ − cl(N ), 𝜙 ≠ N ⊂ P. 

⇒ gαρ − cl(P ) ⊂ gαρ − cl(N ) → (2). 

∴ gαρ − cl(P ) = gαρ − cl(N) 

(iii) ⇒ (i) 

From (iii) gαρ - cl(P ) = gαρ cl(N ). Allow P is not minimal 

gαρ-open. Therefore ∃ Q in gαρ-open, 𝜙 ≠ Q ⊂ P further 

more P ≠ Q. 

Approve a ∈ P, a ∈/ Q.   

⇒ a ∈ Qc. 

∴ gαρ − cl(a) ⊂ gαρ − cl(Qc).  

(i.e.) gαρ − cl(a) ≠    gαρ − cl(P ). 

⇒⇐. ⇒
∴ gαρ -  cl(a) = gαρ - cl(P ). 

∴ P act as minimal gαρ-open 

 

Theorem.4.6   Assume K ⸦ M maximal gαρ -closed set if 

and only if M - K is minimal gαρ - open. 

Proof. Permit K holds maximal gαρ-closed set. Expect M − 

K not minimal gαρ- open. 

∃ P ≠ M − K  

∴ 𝜙 ≠ P ⊂ M − K. 

(i.e.) K ⊂ M − P, M − P is minimal gαρ - closed. 

⇒⇐ 

K ⊂ M, maximal gαρ -closed. 
Example.4.7 Consider M = {λ, µ, ν, ξ} upon τ = {M, 𝜙, {λ, 

µ, ν}}, gαρ-closed sets are M, 𝜙, {ξ}.  Here {ξ} is maximal 

gαρ-closed additionally maximal closed. 

Example.4.8 Assume M = {ζ, η, θ} upon τ = {M, 𝜙, {ζ}}, 

gαρ-closed sets are M, 𝜙, {η, θ}. Here {η, θ} is maximal 

closed likewise maximal gαρ-closed. 
 

Theorem.4.9 (i) Endorse N be maximal gαρ-closed 

including Q be gαρ-closed. Then N ∪ Q = M or N ⸦ Q. 

(ii) Permit N, R be maximal gαρ-closed. Again, N ∪ R = M or 

N = R. 
 

Proof. (i) Permit N be maximal gαρ-closed including Q be 

gαρ-closed.  

Proof obvious conceding that N ∪ Q = M.  

N ∪ Q ≠ M.  

To prove N ⸦ Q.   

When N ∪ Q ≠ M. N ⸦ N ∪ Q and  

N ∪ Q = Q or N ∪ Q = N, due to union of gαρ-closed. 

∴ N ⊂ Q. 

(ii) Endorse N, R be maximal gαρ-closed.  

By (i) If N ∪ R = M then N ⸦ R or R ⸦ N . 

∴ N = R. 
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