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Abstract: A combination of continuous and discrete elements is
referred to as a mixed distribution. For example, daily rainfall
data consist of zero and positive values. We aim to develop a
Bayesian time series model that captures the evolution of the daily
rainfall data in Italy, focussing on directly linking the amount and
occurrence of rainfall. Two gamma (G1 and G2) distributions
with different parameterisations and lognormal distribution were
investigated to identify the ideal distribution representing the
amount process. Truncated Fourier series was used to incorporate
the seasonal effects which captures the variability in daily rainfall
amounts throughout the year. A first-order Markov chain was
used to model rainfall occurrence conditional on the presence or
absence of rainfall on the previous day. We also built a
hierarchical prior structure to represent our subjective beliefs and
capture the initial uncertainties of the unknown model
parameters for both amount and occurrence processes. The daily
rainfall data from Urbino rain gauge station in Italy were then
used to demonstrate the applicability of our proposed methods.
Residual analysis and posterior predictive checking method were
utilised to assess the adequacy of model fit. In conclusion, we
clearly found that our proposed method satisfactorily and
accurately fits the Italian daily rainfall data. The gamma
distribution was found to be the ideal probability density function
to represent the amount of daily rainfall.
Keywords: Time series, Bayesian analysis, mixed distribution,
first-order Markov chain, daily rainfall

I. INTRODUCTION
Complex procedures are required in developing a model of
daily rainfall data as the distribution consists of a mixture of
discrete and continuous elements. The discrete element
indicates rainfall occurrence and continuous element
represents the amount of rainfall when rain occurs. This type
of distribution is known as the mixed distribution. This
distribution has been used for the past several decades in
studies which implemented a two-stage strategy. Stern and
Coe [1] demonstrated that the two-stage approach can be
conveniently and directly used for developing a daily rainfall
model and other hydrology applications. Tooze et al. [2] also
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implemented similar strategy to analyse the medical costs
incurred in the United States. It was shown from both studies
that the two-stage strategy is ideal for modelling mixed
distributions.
The daily rainfall model could be broken down into two
parts, namely the occurrence process and amount process.
Specifically, through the occurrence process, the probability
of rainfall could be modelled. Most research endeavours
utilised the first-order Markov chain to model the occurrence
process [1, 3, 4, 5]. On the other hand, conditional on rainfall
occurrence, the amount of precipitation can be represented by
the amount process. In previous literature, the gamma [1, 5,
6], lognormal [2, 7], power transformed truncated normal
distributions [8], Weibull [2], exponential [9], and mixed
exponential distributions [10] are the most frequently used
distributions for the amount process.
Generalized Linear Models (GLMs) have also been used in
previous studies to build a model for daily rainfall. Coe and
Stern [3] and Stern and Coe [1] found that this approach
possessed a direct function that can be exploited to model the
daily rainfall pattern. Furthermore, a simple linear regression
was applied to model both the occurrence and amount
processes using a Fourier series as the model covariate. The
same modelling strategy was used by Grunwald and Jones [5]
for an Australian daily rainfall model through the involvement
of more complex covariates in the GLM model. Besides, it
was also possible for a multitude of other weather variables
such as speed of wind, atmospheric circulation pattern, and
temperature, to be included as additional covariates in the
GLM [11,12,27,28]. However, the majority of this literature
in rainfall modelling were conducted using frequentist
approach.
In this study, we endeavoured to expand the
methodological frameworks of Coe and Stern [3], Stern and
Coe [1], and Grunwald and Jones [5] in which a Fourier series
representing the covariates for occurrence and amount
processes were used to model daily rainfall pattern within the
Bayesian framework. This will be initially performed on a
univariate setting prior to expanding the model to include
multiple sites. Besides, we also investigated the link between
these two processes and characterised the changes in the
shape of the probability density function of the mixed
distribution, especially when the parameters varied
temporally. Finally, we also sought to identify and
recommend the ideal probability density function to represent
the amount process.
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II. METHODOLOGY
A. General Structure
Let Wt ∈ ℝ+ denote a random variables for the amount of
the daily rainfall where wt is an observed value at time t for t =
1, . . ., T. Provided that every observation of the daily rainfall
data is a realisation of a random process, the distribution of Wt
conditional on pt and µt (where 0 ≤ pt ≤ 1) can be represented
by the following equation:

In this case, FA(wt|µt) represents the distribution function of
the amount of rainfall, where Pr(Wt = 0)=1-pt. The conditional
probability density function of Wt is denoted by f(wt|µt),
provided Wt > 0. The rainfall occurrence is represented by Rt
which is also an indicator function for Wt. Hence,

Thus, the random variable Wt can be re-expressed as

Accordingly, Yt = g(Zt) indicates a continuous random
variable and g(.) represents some monotonic function
defining a suitable transformation (e.g. exponential) of Zt. In
this case, Wt represents the exact amount of rainfall which
may take the value of zero, but it is always observable. Stern
and Coe [1] and Grunwald and Jones [5] emphasised that Yt
could be considered as an intensity process which can also be
viewed as the potential rainfall amount. Notably, although the
value of Yt was always positive, it was not constantly
observed.
An example of a directed acyclic graph (DAG) for the
univariate model of daily rainfall is presented in Fig. 1.
Although . . ., Yt−1, Yt, Yt+1, . . . were considered independent in
this model, their dependency on µt varied throughout time.
This indicates that Yt variables are not only conditionally
independent of Rt, they are also independent of the model
parameters.

B. Seasonal Effects
A truncated Fourier series is a popular approach for the
development of periodic time series in meteorological
studies. Jones and Brelsford [13] and West and Harrison [14]
emphasised that the model of the periodic form in time series
could be developed through sinusoidal representations. This
approach was subsequently implemented by Stern and Coe
[1] in their assessment of daily rainfall amount and occurrence
for agriculture planning. Furthermore, the seasonal pattern of
the amount and occurrence processes of the Australian daily
rainfall data was also elaborated through this method [5].
A Fourier series comprises of cosine and sine terms of
harmonic frequencies and period ω. This is represented by

The number of sinusoids is denoted by F, while the Fourier
coefficients are represented by af and bf, with ωf = 2πf/L. As
for the angular frequency, L represents the time. In respect of
daily data which displayed an annual cyclic pattern, L equals
to 365.25. It was highlighted in the previous research that the
first three harmonics were usually sufficient for the
development of the model that captures seasonal impacts on
rainfall and to determine a Fourier function that fits the model
well [15, 16, 17]. Therefore, the incorporation of the seasonal
effects into the models used in this study is a cogent modelling
strategy based on the aforementioned idea.
C. Amount Process
The development of the model for the amount process was
based on the recommendations by Fernandes et al. [9] and
Suhaila et al. [18]. Specifically, a number of distributions
were selected for the purpose of identifying and evaluating the
ideal distribution for this process. Several studies have been
conducted to identify the best distribution for daily rainfall.
However, the ideal probability density function to represent
rainfall amount remains elusive [10, 19, 20].
In our study, both the lognormal and gamma distributions
were chosen and compared to represent the amount process
since both possess support from 0 to ∞. Such distributional
support made them an ideal candidate to model the amount
process. Previously, a similar comparison was conducted by
Cho et al. [19] for rainfall data. They found that the gamma
distribution was more appropriate to develop the wet region
model, while the lognormal distribution was more suitable for
dry regions. In this study, two different parameterisations
were used and investigated for the gamma distribution. In the
first parameterisation, a gamma distribution with variable
scale (β) and fixed shape (α) parameters was used. This
distribution was identified as “G1”. As for the second
parameterisation, a gamma distribution with fixed scale (β)
and variable shape (α) parameters were utilised and this was
considered as “G2” distribution. The full characteristic
properties of each distribution are given as follows:
• Lognormal distribution:
For lognormal distribution case, the rainfall amount is
defined by

Fig. 1. A representation of the temporal dependence
form of the model of Italian daily rainfall through a DAG
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where
Accordingly, Yt is presumed to follow a lognormal
distribution. Since Zt = log(Yt), then Zt is therefore normally
distribution and the probability density function of Zt is
therefore given by
The common level for the amount of rainfall is represented by
the parameter η0.
Hence, E(Zt) = ϑt and Var(Zt) = 1/τ. The mean and variance
of Yt are respectively given by µt = eϑt+1/2τ and Vy= e2ϑt+1/τ(e1/τ
− 1).
• Gamma distribution:
Gamma distribution is another alternative that was
ubiquitously used for representing rainfall amount.
Furthermore, it is a notable approach in rainfall data due to
the good fit it develops and its shape, which has a similarity
to the shape of rainfall data histogram [21]. Following is
the observation of rainfall amount:

where Yt is based on the gamma distribution. The
representation of the G1 distribution is as follows:

D. Occurrence Process
Let R = {R1, R2, · · ·, Rt} represent the sequence of the daily
rainfall occurrence where t = 1, 2, · · ·, T. A first-order
Markov chain was used to develop a model of the probability
of rainfall occurrence. This approach had been similarly used
by Gabriel and Neumann [4] to elucidate the phases of daily
rainfall in Tel Aviv, Israel. An extension of the Markov chain
to higher-order models is also feasible. However, it was
highlighted by Jimoh and Webster [22] that a first-order
Markov chain model was adequate to predict the daily rainfall
occurrence. Hence, utilising the first-order Markov chain is a
germane strategy to model the occurrence process in our case.
The probabilities of the first-order Markov chain
transitions are presented as follows:

The transition matrix is therefore given by:
Based on Eq. (5) above, βt = α/µt represents the variable
scale parameter, while α (provide α > 0) is the constant
shape parameter. E(Yt) = µt is the mean of this distribution,
while Var(Yt) = µ2/α represents its variance.
For G2 distribution, its probability density function is
given by

This distribution has a variable shape (αt = µtβ) parameter
with a fixed scale parameter, β > 0. Although the
expectations (means) of G1 and G2 distributions have
identical mathematical forms, their variances are different.
In G2 case, Var(Yt) = µt/β.
An important consideration when selecting between a
gamma and lognormal distribution is whether the density
would go to zero when y closely approaches zero. The
occurrence of changes in distribution shape and their factors
should also be focused on provided if the mean is changed.
Notably, this is the difference between the G1 and G2 models.
In the case of the rainfall amount, the mean of distribution
is assumed to be varied throughout time. In determining a
good fit, the information presented by Stern and Coe [1] were
used in this study. Therefore, the truncated Fourier series was
applied to develop the model of daily rainfall variation
throughout the year. For the lognormal distribution, the mean
of the log amount Zt is represented as follows:

A logistic link function was then used to link the predictors
with rainfall probability pi1(t). This can be succinctly
represented by

Accordingly, the conditional distribution of the occurrence
process given pi1(t) has a Bernoulli form:

If the distribution of Yt is a lognormal distribution, then
parametrised as follows:

If Yt follows a gamma distribution, then

If rain occurred on the previous day, the term i, which
represents an indicator function, would take the value 1. If
rain was absent, then i=0. Besides, the common intercept for
logit [pi1(t)] is represented through the parameter ζ0.

Meanwhile, following are the means for G1 and G2
distributions:
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To develop a connection between the occurrence and amount
processes, ϑt and log(µt) were incorporated in Eqs. (8) and (9),
respectively. Using this approach, the precision of the rainfall
possibility could be considerably improved. To emphasise
this, the rise of rainfall probability occurred in tandem with
the rise of µt.
The conditional probabilities can be summarised as
follows:

The fixed hyperparameters are hence gα, hα, gβ and hβ.
In linking the linear predictor to the response variable, a
GLM approach was implemented which involves a link
function to relate the occurrence and amount processes. The
set of linear coefficients for the amount process is indicated
by η = (η0, a1, a2, a3, b1, b2, b3) while the parameter vector for
the occurrence process was represented by ζ = (ζ0, ζ1, ζ2, c1, c2,
c3, d1, d2, d3). A normal prior for each unknown parameter in
the linear predictors is appropriate since their values may be
between −∞ to ∞. Since we assumed an independent prior
structure between the parameters, the priors for all parameters
are thus given by
• Amount process

Meanwhile, the unconditional probability is given by

• Occurrence process

The above equation could also be formulated as follows:

This will clearly lead to:

Thus, we can reasonably regard that the priors for η and ζ
follow a multivariate normal distribution:

where
The mean vectors are indicated by
and Pζ.

and , with precisions Pη

III. APPLICATION

and

.

E. Prior Specifications
Prior distributions were developed for the unknown
parameters in our model. The prior structures will be
elaborated in detail in this section. Furthermore, π(θ)
represents the prior density of the unknown parameters. The
development of these priors was based on the details obtained
from past works of research and experts’ subjective beliefs.
Suppose that the precision parameter, τ, in the lognormal
distribution follows a gamma distribution:

with constant gτ and hτ hyperparameters. Provided that the
gamma distribution is semi-conjugate to the likelihood
function of the lognormal form, this was a reasonable choice.
Gamma priors were also assigned to the parameters α in the
G1 distribution and β in the G2 distribution due to their
strictly positive values. The priors are therefore represented
by
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A. Data
The daily rainfall data from the Urbino rain gauge station in
Italy was used for modelling application. This dataset consists
of daily rainfall observations, spanning the period 1981 –
2007 (27 years). In total, the dataset has 9861 observations. In
this dataset, there was a low frequency of recorded rainfall,
with inconsistent patterns of rainfall annually. On average, the
most frequent rainfall occurred around November and
January, while the least frequent rainfall took place in July
and August.
B. Fitting the Model
The RJAGS package [23] was utilised to generate the
posterior samples and this was applied in R software [24]. In
our MCMC algorithm, the first 1000 iterations were discarded
as a burn-in. The subsequent 20000 iterations were then
obtained as the posterior samples. In total, 5 to 6 hours of
computing time were required to gain 20000 posterior
samples for all models using 3.40GHz Ergo Desktop AS4
All-in-One with Intel Core i7-3770 processor with 8 Gbytes
of random-access memory (RAM).
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It was found that 20000 iterations were adequate to obtain the
realisations from the posterior distribution since the chain had
satisfactorily converged after the initial burn-in period based
on the analysis of trace plots. Tables I, II, III and IV illustrate
the posterior means and standard deviations of the unknown
parameters for both amount and occurrence processes.
Fig. 2 represents the posterior mean of the potential rainfall
amount µt for the three proposed distributions for the amount
process. It can be notably observed that the posterior means of
the potential daily rainfall amounts are different for lognormal
and gamma distributions. However, the results are very
similar for the G1 and G2 distributions. Besides, the fitted
values for the lognormal distribution were consistently larger
than the fitted values for the G1 and G2 distributions. We also
observed the presence of the seasonal variabilities throughout
the year, based on the smooth plots of the fitted values. We
found that the highest potential rainfall amounts in Urbino,
Italy might occur between July and October based on the
lognormal, G1 and G2 distributions. On the contrary, based
on the findings using the lognormal and G2 distributions, the
lowest degree of potential rainfall amount might occur
between November and February. This is in contrast to the
findings based on G1 distribution since the lowest degree of
potential rainfall amounts might take place between January
and March.
Table I: The Prior And Posterior Means And Standard
Deviations (Sds) Of The Unknown Parameters’ Using
Lognormal Distribution For The Amount Process

Table Ii: The Prior And Posterior Means And Standard
Deviations (Sds) Of The Unknown Parameters’ Using G1
Distribution For The Amount Process

Table Iii: The Prior And Posterior Means And Standard
Deviations (Sds) Of The Unknown Parameters’ Using G2
Distribution For The Amount Process

In Fig. 3, the plot of posterior mean of the median potential
rainfall amounts obtained using the lognormal, G1 and G2
distributions against time is presented. We could clearly
observe that the posterior means of the median potential
rainfall amounts based on the G1 and G2 distributions are
higher than the ones obtained using the lognormal
distribution. In this case, we postulate that this difference can
be attributed to the different shapes of gamma and lognormal
distributions used for our amount process model.
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Table Iv: The Prior And Posterior Means, And Standard
Deviations (Sds) Of The Unknown Parameters For The
Occurrence Process

Fig. 4. The posterior mean of conditional possibilities, p01
and p11

Fig. 5. The posterior mean of unconditional possibilities

Fig. 2. The posterior mean of the mean potential rainfall
amount based on three distinct (lognormal, G1 and G2)
distributions

Based on Fig. 4, a significant difference was also found in
terms of the posterior means of the transition probabilities p01
and p11 for the occurrence process, regardless of the types of
distributions used to model the amount process. To be
specific, the probability of rainfall would be recorded in the
present day is between 0.2 and 0.3, provided the rain was
absent on the day before. Meanwhile, the probability of
rainfall would exceed 0.5, provided the rain was present on
the previous day. Furthermore, both plots were significant
indicators of the rainfall possibility’s relative dependence
when it rained on the previous day. Based on Fig. 4, we could
clearly observe that the conditional probabilities of rainfall
were lowest from June to September. These findings are in
contradiction to the findings obtained for the amount process
since higher posterior means of rainfall amounts were
observed between June and September (Fig. 2). For further
analysis, we can also obtain the unconditional rainfall
probabilities using Eq. (10) and these are presented in Fig. 5.
On the whole, the probability of rainfall is lower than 0.5
throughout the year. This indicates the scarcity of rainfall in
most time of the year in Urbino, Italy which explains the high
number of zero observations in our dataset.

Fig. 3. The posterior mean of the median potential rainfall
amounts based on the three distinct distributions
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We subsequently developed partial autocorrelation
function (PACF) and the autocorrelation function (ACF) for
these residuals and these are presented in the ACF and PACF
plots in Fig. 7. It is clearly evident that the assumption of
conditional independence between Yt and Ys (s ≠ t) for this
model, given µt and µs respectively, is not substantial.
Therefore, it is desirable that further research is required in
the future to develop new models that take into consideration
the temporal correlation between the observations in the
amount process.

Fig. 6. The posterior mean for the predictive distribution
of potential rainfall amounts every month
To investigate our model’s validity, we can use posterior
predictive checking method as recommended by Gelman et al.
[25]. Based on this method, the model’s fit is considered
satisfactory if the observed data are similar the simulated
values drawn from the replicated data’s posterior predictive
distributions [25]. Based on Fig. 6, similar patterns can be
observed between the actual means of monthly rainfall and
the posterior predictive means of rainfall throughout the year,
especially for the G1 and G2 distributions. In the case of the
lognormal distribution, however, more significant deviations
were seen between the posterior predictive means of rainfall
amount and actual means of monthly rainfall compared to the
G1 and G2 distributions. To be more specific, for lognormal
distribution, the maximum recorded amount of rainfall was
found to occur in April based on the its posterior predictive
means whilst this occurs in November for G1 and G2
distributions which is clearly in agreement with the actual
data.
The rationale behind our findings can be attributed to the
fact that the shape parameter of our gamma distribution was
less than 1. Consequently, the gamma density did not
correspond to zero when the actual rainfall amount is zero. On
the other hand, the lognormal distribution density always goes
to zero when the actual rainfall amount is zero. Hence, the
shape of gamma distribution is always different from
lognormal distribution especially when the values are close to
the origin. This resulted in the challenges for the lognormal
distribution to develop a good fit to such component of the
distribution. This will in turn definitely affect the posterior
values of the model parameters’ summary statistics.
1) Residuals
The assumption that Yt’s are independent given the model
parameters had been made for our model and this will be
investigated by analysing the residuals. To achieve this,
several transformations on yt were performed. Let ut = Gt(yt),
where Gt(.) represents the cumulative distribution function
(cdf) of Yt. In this case, Gt(.) is the standard normal cdf Φ−1(.).
We then use the following relationship,

Fig. 7. The ACF and PACF plots for residuals
2) Zero/positive Distribution
A mixed distribution could be illustrated with the use of the
“lollipop” component at zero for the zero-rainfall probability
and a density curve for the probability density function of the
non-zero rainfall amount. These two components are then
linked together, and the ellipse area represents to the
probability of zero rainfall. Zero-positive plots are presented
in Fig. 8 to illustrate the changes in the probability density
function’s shape and scale representing the amount of rainfall
from month to month and the variability in the monthly
rainfall pattern.
As a comparison, we used a single gamma distribution to
represent the findings from G1 and G2 distributions due to the
nearly identical posterior summary statistics were observed
previously (Tables II and III, Figs. 2 and 3). Such findings
would be subsequently compared with the ones obtained
using the lognormal distribution. With respect to the gamma
distribution, the distribution become more “L” shaped when
the shape parameter is less than 1 as fy(y) approaches ∞. In
contrast, fy(y) approaches 0 when y = 0 for the lognormal
distribution. Overall, the distribution shape did not change
significantly for the amount process from month to month.
However, only scale parameter went through significant
changes due to a relative reduction in the amount in August
and September. Larger sizes of ellipses were observed in July
and September due to infrequent rainfall.

= Φ−1(ut), to obtain

.
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in the model. This is theoretically feasible since the LWTs
may be directly incorporated into the models for both the
amount and occurrence processes via the mean of amount
distribution and rainfall probabilities.
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