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Utility Based Portfolio Optimization through
Integer Programming Under Stochastic Markets

Afreen Arif H., T.P.M. Pakkala

Abstract: Optimization of a portfolio based on utility functions has
been a long line of research in the past. In practice, the solutions
discussed earlier are approximated to integers, because of the
availability of stocks in integer units. But utility functions are
quite sensitive to theamountsinvested. Thus mere approximations
may lead to loss in utility. In this paper, a procedure called the
Integer solution to Expected Utility Maximization (ISEUM) is
suggested, where theinvestor can obtain a pureinteger solution to
the portfolio optimization problem. This is discussed under the
assumption of stochastic markets, wherethe market statesfollow a
Markov chain. Illustrations showing three different types of
investors are presented and the corresponding optimal integer
solution is obtained for each market state. In each case, solutions
based on the ISEUM procedure are compared with non-integer
and corresponding approximated solutions. The loss due to
approximation is assessed for each case.

Keywords: I nteger programming, Markov chain, Portfolio
optimization, , Utility function.

I.  INTRODUCTION

Inthe past, alot of research work has been doneinthefield of
mean variance optimization for portfolio selection. The work
by [1], [2] and [3] in this area has been highly appreciated.
Many have used and given improvements to the methods
suggested by them. Most commonly used methods for
obtaining the solutions of the model suggested by them, are
quadratic and dynamic programming techniques

Mean variance optimum portfolio does not take into the risk
preferences of the various types of investors present in the
market. Different types of investors can be represented
through different utility functions and the optimum portfolio
can be obtained based on the utility. Such solutions have been
attempted by many. [4] worked utility functions obtaining
myopic policies; [3] studied specia utility functions with
logarithmic and power structures. Lately, [5] has shown the
use of utility functions for finding the optimal portfolio for a
particular investor.
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[6] reviews 208 articles where the different models and
approaches used to analyze the problem of optimum
portfolio, for single period and multi-period case. [7]
highlights that a lot of work is done in this direction. In a
multi-period setting, the assumption of uncorrelated asset
returnsisnot realistic as seen by [8] and [9]. This dependence
or correlation can be modelled through a stochastic market
process, like a Markov chain. This affects al deterministic
and probabilistic parameters of the model. Solution of these
modelsis given through dynamic programming techniques.
[10] highlights the opinions of [11], who observed that the
standard portfolio models by [1] and [2] are inappropriate for
the small individual investor. The portfolios generated
usually include a larger number of assets than the small
investor has resources to manage. As the commission rates
are high, he must pay on his odd lot purchases and sales. A
small investor cannot afford to be as diversified as the mutual
funds, which by law are required to hold at least twenty
securities but in most cases hold more than one hundred.
Because of these problems an individual investor may not be
able to optimally approximate the non- integer solution to his
problem to an integer solution. Moreover, an individual
investor may have to construct a portfolio of his own, which
will require him to purchase stock in integer units only.

[10] therefore suggests the use of integer programming
techniques in portfolio optimization. He suggests a
mean-variance portfolio selection model suitable for the
small investor which is formulated as a sequence of quadratic
integer programming problems. [12] aso have done similar
work in this area which makes use of the analogy of dynamic
programming technique.

[13] highlight that Markowitz model has been increasingly
criticised as it disregards individual investors preferences.
[14] observed that in many cases investors are not actually
buying efficient portfolios, but are buying those securities
which are behind the efficient frontier. A compromise
programming model for an ‘average' investor was proposed
by [15], which was later modified to approximate the
optimum portfolio of an individua investor [16]. [17]
described the use of objective and subjective measures for
assets. Their idea leads to a simple linear programming
model. [18] argued that most models do not show the
multidimensional nature of the problem and outline a need
for such a view in portfolio management. For further
references on the use of optimization models for portfolio
selection the reader is referred to [19]. Working in this
direction [13] suggest a mixed integer programming model
with multiple objective functions.
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The work in this area has been restricted to only mean
variance portfolio models. Since our concern hereisthe small
individual investor, who definitely has some distinct
behaviour towards risk, which can be represented using an
appropriate utility function. Hence there is a need for
obtaining an integer solution for such an investor based on
his’her utility function.

In the literature it is seen that so far no “Pure” integer
programming method or agorithm is suggested for an
individual investor who wants to maximize his expected
utility. In this paper a procedure is suggested by which a
small investor can obtain a pure-integer optimum portfolio
solution based on his’her known utility function. The market
states are modelled as a Markov chain. The agorithm
suggested here gives a market state based solution to the
problem. The suggested solution is wealth dependent. The
integer solution is compared with the exact non-integer
solution, for each market state. This is done for various
commonly used utility functions and different wealth levels
of investors.

1. MODEL AND MARKET ASSUMPTIONS.

The asset returns of aportfolio vary continuously in arandom
manner. Normal and lognormal distributions have been used
to model them. The variations in the returns may be due to
internal and/or external forces which could be at a local
and/or at aglobal level. Investment decision vary because of
these forces aswell asthe correlation among asset returns. [9]
highlight that modelling a stochastic financial market by a
Markov chainis areasonable approach in this situation. They
argue that off late alot of literature discuss stochastic market
process, for modelling various parameters of a financial
model, to make the model more realistic. They also highlight
that discrete state space continuous-time Markov chains are
used in alot recently ([21],[22],[23],[24]).

A. Wealth Dynamics Equation

Suppose that the state of the market in period n is denoted by
Yoand Y ={¥,;n=0,12,..} is a Markov chain with a
discrete state space, E and transition matrix, Q. The changes
in the prices of the market portfolio can be captured using a
Markov Chain. Let R(i) denote the random vector of asset
returns in any period given that the stochastic market isin
state i. The means, variances and covariance of asset returns
depend only on the current state of the stochastic market. The
market consists of one riskless asset with known return
17(i) and standard deviation o (i) = 0; and m risky assets
with random returns R™(i) = (R} (i), R¥ (D), ..., R (D) in
period n if the state of the market is i. As suggested by
Canakoglu and Ozekici (2010), it is assumed that the random
returns in consecutive periods are conditionally independent
given the market states. In other words, R™ (i) isindependent
of Rk(j) for all periods k # n and states i and j. Moreover,
R™(i) and R¥(i) are independently and identically
distributed random vectorswhenever k # n Thisimpliesthat
the distributions of the asset returns depend only on the state
of the market independent of time. For this reason, let
R(i) = R™(i) denote the random return vector in any period
n to simplify the notations here.
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Let 1, (i) = E[R,(i)] denote the mean return of the k™ asset
in state i and gy (i) = Cov (Rk(i), R; (i)) denote the
covariance between k™ and j" asset returnsin statei. The
excess return of the k" asset in state i iSRS (i) = R, (i) —

77 (1). It follows that,

e (@) = E[Rg (D] = 1. (D) — 1))
oy; (i) = Cov (R;g(i), Rf(i))
The notation here is such that ¢ (i) isascalar and r (i) =

(ri (@), r, (@), ...\ rm(i)) and

re(@) = (r£ (@), 5 (@), ..., 15 (i) are column vectors for all i.

Let X, denote the amount of investor’s wealth at period n and
let the vector u = (uy, Uy, ..., Un, ) denote the amounts
invested in risky assets (1, 2, ..., m) respectively. Given any
investment policy, the stochastic evolution of the investor’s
wealth follows the so-called wealth dynamics equation,

Xn+1 (W) = R u + (X, — 1w (V)
= 1Y) X + RC(Yp)'u

where 1'=(1,1,...,1) is the column vector consisting of ‘m’
ones. In amulti-period set-up, the wealth is reinvested
recursively in each period using this equation.

The model assumptions can be summarised as

e There is unlimited borrowing and lending of the
riskless asset in any period at afixed rate,

e  Short sdlling isallowed for all assetsin al periods

e No capita withdrawals or additions are allowed,

and

Transaction fees and costs are negligible.

1. THE PORTFOLIO PROBLEM M ODEL

The usua problem of portfolio optimization based on utility
function can be written as,
Problem 1:
max E[U'(w)]
st. u'l<sw

UEX,
where U'(.) isthe utility function of the investor, u isthe
vector of amounts to be invested in each asset, 1 is vector of
ones with length n, nisthe number of assetsin the portfolio,
Xisthe feasible region of investment i.e., X={X;-c0<X<oo}
and w isthe amount of wealth available for investment.
Why should onego for apureinteger solution in portfolio
optimization?
One may wonder asto why it is so important to go for pure
integer solution in the portfolio optimization problem? There
are several real life issues which one may encounter while
trying to apply any (non pure integer) solution to the portfolio
problem. Some of them are:
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1. Stocks in the equity market are not available in
fractions: Only in mutual funds can the agent think of
buying stocksin fractions on behalf of theinvestors. Thisis
because of the large number of investors involved.
Elsewhere while buying any asset an individual investor is
required to buy it in integer units only. Thus applying a
non-integer solution may lead to misallocation of funds or
may reduce the utility because of not investing the
maximum amount of wealth available from the investor.

2. Expected Utility is quite sensitive to variations in the
integer solutions: A small change in the integer solution
yieldsalarge differencein the expected utility value. Hence
mere approximation of the non-integer solution will not
give the optimum sol ution to the problem. For eg., consider
apower utility function U(x) = x2. Suppose there are two
assets, Al and A2 with price Rs. 10 and Rs 5 respectively
and based on the above utility the optimal amount to be
invested in these asset comes up to be Rs. 19 and Rs 6. i.e,,
the optimal utility value is supposed to be (19+6)?=625. But
19/10=1.9~1 and 6/5=1.2~1 (after approximating to an
integer). i.e., the investor can buy only one unit of each of
the assets, which implies that only Rs. (1*10+1*5=)15 has
to be invested. Therefore ultimately the utility obtained is
(15)?=225. But a better solution to this problem would be to
purchase 1 unit of A1 and 3 units of A2 .i.e, to invest Rs.
(1*10+3*5)=Rs.25 which would give us the same optimal
utility value. The variations can be quite high while dealing
with two or more assets.

3. Approximated solution may be infeasible: It may so
happen that after approximating the non-integer solution to
an integer one, the feasibility of the solution may be lost,
hence resulting in an impracticable solution. Even if one
tries to round down the non-integer solutions to integer,
then it may result in loss of alarge amount of utility for the
investor.

The integer portfolio problem based on a utility function can

be written as,

Problem 2:

max E[U(d)]

st. dp<sw

dexnirt,

where U(.) isthe utility fintion of theinvestor, d isthe vector

of integers indicating the number of units of each asset to be

purchased for the portfolio, p isthe corresponding vector of
current prices of the assetsin the portfolioand ™ isthe set of
integer pointsin R™.

Note that the above two models do not have any short selling

restriction. However this can be modified by defining X asa

bounded closed box specifying the limits of short sell.

Definition 1: For any m € I™, aset of integer points Ng

caled itsneighbourhood isdefined asNg 2 {m,m + 1;;i =

1,..,n, where 17isan n dimensional vector with 1 at the i

component and O at all other components.

Definition 2: For somem € X N I, if the optimum solution

is obtained within the neighbourhood of m based on the

objective function, the solution obtained is called the local
optimum solution.
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IV. INTEGER SOLUTION TO EXPECTED UTILITY
MAXIMIZATION (ISEUM) PROBLEM
ALGORITHM:

Here an algorithm is presented for Problem 2. It is called an
integer solution to Expected Utility Maximization (ISEUM)
Problem Algorithm here. A random point din X N I™ istaken
and the integer local optimizer of Problem 2 based on d is
obtained and it is called as d*.A new random point d’ is
selected. The integer local optimizer of Problem 2 based on
d’ is obtained as d;. The values of the objective function at
d* and di are compared and the best one is taken to bed”.
This process is repeated a large humber of times so as to
converge at the approximate globa optimum solution to the
problem.
Lemma 1: Only that point in the neighbourhood of d which
generates an amount (based on current prices of assets)
greater than the amount generated by d can lead to improving
the objective function.
Proof: The objective function depends on the utility function
U(.) of theinvestor. From the property of utility functionitis
known that utility functions are non decreasing real valued
functions. Also the utility functions depend on the amount
invested. Thus given a set of integer points, one need not
check the optimality of the objective function at each point in
the set. Instead only that point can be considered whose
corresponding amount is the largest.
Theorem 1: The search for the neighbourhood of a point can
be shortened down to a single point which has the maximum
corresponding amount associated with it.
Proof: Follows from the Lemma 1. In case of ties any one
solution can be chosen.
Theorem 1 suggests that one need not check al the pointsin
the neighbourhood while finding the local optimum solution.
Thus by shortening the neighbourhood set, one can save alot
of time in the optimization process.
The steps of the algorithm are asfollows:
Step 1. Let N=N,, (asufficiently large number) and initialize
j=1. Obtain a random point d in XNI*. Get the
neighbourhood of this point as N. Find the point in Ng where
the utility is maximum and call it as d;.
Step 2: If j> Nyterminate the algorithm else go to Step 3.
Step 3: Ifd #d; , assignd = dj. Find the local optimum
solution in the neighbourhood of di and call it as d;. Repeat
this step until d becomes same as dj.
Step 4. Obtain a new random point d in X N I™. Obtain the
local optimum solution inits neighbourhood and call itasd’.
Let the optimum value of the expected utility at d’ be uj.
Update j=j+1.
Step 5: If uj > U(d7) then assign di = d' and then go to
Step 2.

If u; < U(d7) goto Step 4.
Repeat the above procedure for each market state.
Note that in Step 1, 3 and 4, the neighbourhood is shortened
down to a single point by finding the corresponding amounts
(by multiplying the vector of current prices of the assets with
the vector of number of units of each asset to be purchased)
and choosing the point that has the maximum amount.
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Now the conver gence property of the ISEUM algorithm
will be proved.
Let S* be the set of discrete global maximizers of Problem 2
and let u(S™) and u(XN I") be the number of integer points
inS*and XN I™ respectively. Without |oss of generality,
supposethat S* = XN I™. Thusit is obviousthat u(S*) > 0,
uXNI™) >0andu(S™) < uXNI).
Let d; bet the random point drawn uniformly in XN I™ in
step 4 at the it" iteration. Maximizing the expected utility
(amount) from d; will leadto d;. Let j > i bethat iteration
after i that improves the expected utility value found at the
ith iteration. Let d; bet the random point drawn uniformly in
XN I™ in Step 4 at the j* iteration. Maximizing the expected
utility (amount) from d; will lead to d; . Definitely,
E[U(d))] < E[U(d})] (because of Step 5). Similarly
consider an another iteration say k > j , where the solution is
better than the one obtained in the jt* iteration. Therefore, a
sequence E[U(d])] < E[U(d})] < E[UW] <...<
E[U(d*)] isobtained, whered* € $* and i <j < k < ---.
If no such j, k, .. (i.e., improvements to the solution) are
available then for sufficiently large Ny, it can be safely said
that d; itself will be d*, the approximate global optimum
solution to the Problem 2.
The solution obtained by this procedure may not give the
same global optimum as the one obtained from the
non-integer solution. In fact [25] proved that finding a
feasible integer solution itself is NP-hard. Therefore an
approximate global solution to the problem is obtained and it
is seen by illustrations that these solutions are much better
that the mere approximations of non-integer solutions.
Lemma 2: The probability that d; ¢ S* satisfies that

g _H(ED
0<P{d;gS}=1 AN
1 (1)
And

P{d; ¢ S*}=P{d; ¢ S*}, forall i <jandi,j = 1.2, ..

2

Proof: Since u(S*) > 0 and n; isarandom point drawn
uniformly and independently in XN I™. It is obvious that (1)
and (2) hold.
Lemma 3: Let g = P{d; ¢ S*} . forany § > 0, then the
following relation is satisfied,

PE[U@)] —E[UW@)] =6} <q"%i=23,..
Proof: Refer Appendix.

Theorem 2: d; convergesto apoint in S* with probability 1
i.e.,
P {1im E[U(d)] - E[U@d)] = o} -1
[—>oo
Proof: Refer appendix.

V. ILLUSTRATIONS

Here we numerically illustrate the application of the results
for the exponential, power and log utility functions. Suppose
that the market has four risky assets and one risk-free asset.
We assume the returns of the risky securities follow an
arbitrary multivariate distribution. The data is obtained for
the period September 2004 to September 2014 from daily
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price of four assets ( Tata chemicals, Bata India, Reliance
communications and Syndicate Bank) traded in National
stock exchange(NSE) of India; and the risk free asset returnis
obtained from the daily respective treasury rate of Reserve
Bank of India. The states of the market are obtained by
observing whether the S& P CNX Nifty index price moved up
or down in the previous 2 days. Therefore, in order to model
prices as aMarkov chain, 4 states are decided and labelled as
1=(up, up), 2=(up, down), 3= (down, up), and 4= (down,
down) depending on the movement of prices on previous two
days. Similarly states which are depended on the previous 3,
4, 5 days etc can aso be considered. Let the transition
probability matrix be denoted as Q. Please refer to Arif and
Pakkala (2014) for more information on the data modelled
here. The latest prices of the 4 securities Tata chemicals, Bata
India, Reliance communications is Rs. (334.1, 1210.75,
151.45, 159.55) respectively.

Using historical datathe transition probability matrix Q of the
Markov chainis obtained as,

0.637 0.363 0 0

0 0 0.382 0.618
0.685 0.315 0 0

0 0 0.369 0.631

Observe that in Q, although theoretically possible, thereisno
transition from state 4 to state 4.

Q:

Table 1: Thereturn from therisk-free asset and the
expected return of each risky asset for each state

pa (D) | (@) | ps(@)
1.006 | 1.005 | 1.016
1.001 | 1.004 | 1.005
0.999 | 0.997 | 0.999
0.995 | 0.996 | 0.961

Ha (D)
1.015
1.004
0.997
0.987

i T¥

1| 1.0002
2| 1.0002
3 | 1.0002
4 | 1.0002

The variance covariance matrices for the four states are
denoted by X (i), i = 1,2,3,4 which are 4x4 matrices. We
consider the investors who is having initial wealth x =
Rs.10,000 and wants to maximize the expected utility of the
terminal wealth
The expected utility function is approximated to four terms of
its Taylor series expansion based on [26]. They arguethe use
of the first four moments in the approximation. Taylor series
expansionis
N w =Wy
uw) = Z UU)(VI_/) ]—l
j=0

where U (W) isthe ™ derivative of the utility function
at W. Taking expectations the above equation can be written
asy

E[UW)] = UMW) + 2 U2 (W) + - U3 (W)p +
SUAW)up + B[R, (W, W)]
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where R, (W, W) isthe remainder for the first four moments
and yy, isthe n moment of the portfolio defined as

i3 = E[(W = W)"]

Using the definitions in Jondeau and Rockinger (2006) for
any market state, the second moment can be expressed as

1y =v'Myy
where M, = X(.) isthe covariance matrix. Similarly
Hy =v'Ms(y ®)

where @ isthe Kronecker product, and M isthe 4 x 16
co-skewness matrix with elements

Sijie = E[(R; — 1) (Rj — i) (R — pi))]
forij,k=1,2,3,4. Findly,
Hy =Y My ®y ®7)
where M, isthe 4 x 64 co-kurtosis matrix with elements
kijkl = E[(R; — .ui)(Rj - #j)(Rk = ) (R — )]
fori,jkl=1,234

Consider 3 types of investors each with exponential, power
and logarithmic utility functions. The following are the
outputs in each of these cases.

Investor 1:

Consider that an investor is having Exponential utility

—0.001.
function defined as U(x) = 1000 — £ - 001x. The following

tables give the solutions obtained by the non-integer
optimization and from ISEUM.

Table 2: Integer Solution based on proposed procedure:

ISSN: 2277-3878, Volume-8 | ssue-4, November 2019

S

Syndica | 1258 | 78 | 493 | 30 | -152 | -9 | -459 | -2

tebank | 8.96 7.43 911 |6 | 722 |9
3

Risk -298 | -3 | -136 | -1 | 4325 | 43| 290 | 29

free 271 | 03|62 39914 |8 |536 |4

asset 9 1

Minussign indicates short selling

Itisseen from Table 2 and Table 3 that for each state of the
market the integer solution obtained from ISEUM is
different from the approximated number of unitsto be
purchased based on the amounts to be invested, obtained
from the usual expected utility maximization procedure.

Table 4: Expected utility values based various solutions

State 1 2 3 4

Non Integer | 999.965 | 999.957 | 999.957 | 999.957
Solution

Approximated 999.849 | 999.902 | 999.838 | 999.933
Integer Solution

ISEUM 999.959 | 999.956 | 999.951 | 999.955

STATE |STATE STATE
Asset Name 1 2 STATE3 4
Tatachemicas 15 -21 -12 -26
BataIndia -27 17 -3 14
Reliance

communications 111 61 23 -34
Syndicate bank 195 44 80 -17
Risk free asset -104 -201 14 97

It can be clearly seen from Table 4 that for each market state
the expected utility for the approximated integer solution is
aways less than the expected utility value based on the
integer solution obtained from the ISEUM algorithm. Thusiif
one merely approximates the solution rather than actually
finding an integer solution then it is seen that in each state
thereislossin utility for the investor. Also it is seen that the
expected utility value is always greater for the non-integer
solution when compared to the ISEUM. But thislarger utility
isin fact a pseudo optimal utility as it is not achievable in
practice (due non-availability of assets in fractions for
individual investors).

Investor 2:

Consider that an investor is having Log utility function
defined as U(x) = log(x). The following tables give the
solutions obtained by the non-integer optimization and from
ISEUM.

Table5: Integer Solution based on proposed procedure:

Minussign indicates short selling

Table 3: State-wise distribution of Rs. 10000 among 5
assets and the corresponding approximated number of
unitsthat can be purchased with thisamount:

STATE | STATE | STATE | STATE
Asset Name 1 2 3 4
Tata Chemicals 46 -56 -49 -237
Bata India -42 42 1 94
Reliance
Communications 206 115 154 -193
Syndicate Bank 160 -125 -4 -33
Risk free asset -114 -199 25 99

STATE1l | STATE2 | STATE3 | STATE4
Asset
Name Amo !,ln Am !,ln Amo gn Am gn

unt | its| ount | its| unt | its | ount | its
Tata 1311 (39| 410 | -1 | -844 | -2 | -769 | -2
chemica | 2.34 599 |3 | 627 |6 |849 |4
Is
Bata 5130 |4 | 184 | 15| -126 | -1 | -967 | -8
India .96 65.8 696 |1 | 251

7 7

Relianc | 8994 | 59 | 436 | 28 | 3147 | 20 | 291 | 19
e .92 4.69 .92 4.61
commu
nication
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Table 6: State-wise distribution of Rs. 10000 among 5
assets and the cor responding appr oximated number of

c';imﬁfc 3000 | 19 | 3000 | 19 | 13242 | .. | -2589 | -1
\ 0 8 0 8 | 228 795 | 71
ations
Syndicate | 3000 | 18 | 3000 | 18 | 73761 | , | 2929 | -1
bank 0 8 | o 8 81 338 | 84
Risk free | -110 | -11 | -110 | -11 '8783531 '88 -1612. 1
asst | 000 | 15 | 000 | 15 | - 2| 8 =

unitsthat can be purchased with thisamount:
Asset STATE1 STATE 2 STATE3 STATEA4
Name Amo | unit | Amo | unit [ Amo | uni | Amo | unit
unt s unt s unt ts unt s
Tata 4000 3000 -100 -200
chemicals 0 119 0 81 0 || w0 -60
) 4000 3000 -100 -200
Bata India 0 33 0 24 00 -9 00 -17
Reliance
. 4000 3000 -100 -200 | -13
com_mumca 0 264 0 198 00 -67 00 3
tions
) 1
Syndicate | 4000 3000 -100 | -200 | -12
bank 0 250 0 2 00 63 00 6
Risk free | -150 | -15 | -110 | -11 | 5000 g 9000 -9
asset 000 20 00 15 0 6 0 11

Minussign indicates short selling

Table 7: Expected utility values based various solutions

State 1 2 3 4
Non Integer Solution 9.34226 | 9.23994 | 9.21864 | 9.27582
Approximated Integer | 8.96196 | 9.19000 | 9.06578 | 9.18151
Solution

ISEUM 9.27432 | 9.22743 | 9.21140 | 9.23674

One can observe similar conclusions for Tables5, 6 and 7 as
deduced for Tables 2, 3 and 4 respectively.

Investor 3:

Consider an investor having the Power utility function
defined as U (x) = 2x°5. The following tables give the
solutions obtained by the non-integer optimization and from
ISEUM.

Table 8: Integer Solution based on proposed procedure:

Asset Name STATE1 |STATE2 |STATE3 |STATEA4
Tata
Chemicals 46 -170 197 -46
BataIndia -42 52 -64 74
Reliance
Communicatio 206 28 97 -190
ns
Syndicate Bank 160 4 53 -204
Risk free
-114 -11 -15 -32

Minussign indicates short
selling

Table 9: State-wise distribution of Rs. 10000 among 5
assets and the corresponding appr oximated number of
unitsthat can be purchased with thisamount:

STATE 1 STATE 2 STATE3 STATE4
Asset - - - -
Amo | uni | Amo | uni Amou unit | Amou | uni

Name
unt ts unt ts nt S nt ts
Tata 3000 3000 50042 | 176 | -1383 | -4
Chens“ca' o |8 0 | | 560 | 7| 1742
) 3000 3000 -69927 | -57 | 80635

Bata India 0 24 0 24 795 8 95 66
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Minussign indicates short selling
Table 10: Expected utility value based on various
solutions:

State 1 2 3 4
Non Integer | 76 o050 | 67.89294 | 69.2799 | 68.4056
Solution
Approximated
Integer 66.23014 | 63.53197 | 66.33903 | 64.86745
Solution
ISEUM 68.99811 | 67.31688 | 66.75024 | 67.72035

One can observe similar conclusions for Tables 8, 9 and 10 as
deduced for Tables 2, 3 and 4 respectively.

VI. CONCLUSIONS:

Optimization of a portfolio based on utility functions has
been a long line of research in the past. The solutions
discussed earlier are approximated to integers because of
availability of stocks in integer units. Earlier work does not
include solutions that are directly integer based. In this paper,
a procedure called the ISEUM is suggested, where the
investor can obtain a pure integer solution to the portfolio
optimization problem. This is discussed under the
assumption of stochastic markets, where the market states
follow a Markov chain. Illustrations showing three different
types of investors are presented and the corresponding
optimal integer solution is obtained. It is seen that in each
case, considerable amount of utility may have beenlost if one
merely approximates the non-integer solution, instead of
using ISEUM.
For future work it is suggested that, better optimization
procedure could be developed which may help in reducing
the computation time. Also one can compare the solutions for
different levels of investor wealth.
APPENDIX
Proof of lemma 2: d; isarandom variable dependent on
di; i =123, .. LetE; betheeventthat d;_, € S*i.e,
E[U(d;_)] < E[U(@")],i =23, ....Forany § > 0, the
event that E[U(d*)] — E[U(d;_,)] = & implies event E;.
Hence
E[U(@)] - E[U(d;_))] =6 S E;;i=23,..
(©)
Let F; be the event that in the ISEUM algorithm,
maximization of expected utility(amount) converges finally
toapointd’ € S*. ThenE;,; = E;NE,i=
1,2, ....Furthermore, by noting that {d; € $*} < F;and
F, € {d; ¢ S*}, itisknown that,
P{E;11} = P{E;NF} < P{E;n{d; ¢ S*}}
4
Since d; isdrawn randomly and independently of E;and by
inequalities (1) and (2), inequality (4) leadsto,
P{E;1,1} < P{E;n{d; & S"}}
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< P{E;}n
[Ti, P{d; € 57} |
<Ilji-, P{d, €57}
(Since P{E,} = 1 by definition.)

=1
Hence by (3) it can be deduced that P{E[U(d*)] —
E[U(d)] =6} < P{E} <q"%i=23,..and Lemma2
holds.

Proof of Theorem 2:

To prove the theorem, it can be equivalently proved that

P{N2, U [E[U@)] — E[U(d)] = 8]} =0foral § >0
©)

By Lemma 2 and Lemma 3 it can been seen that,

P {ﬂ | Jrwa@n - swep = 5]}

i=1 =i

<limP

>0

| Jrwen - ewan = 5]}
=i

=i

hd i-1

< lim =1 = lim =0
i—oo q o] — q

=i

Therefore, (5) holds and the theorem is proved.
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