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Abstract: Graph theory has applications in many areas of
computer science, including data mining, image segmentation,
clustering and networking. Product on graphs has a wide range
of application in networking system, automata theory, game
theory and structural mechanics. | n many cases, some aspects of a
graph-theoretic problem may be uncertain. Intuitionistic fuzzy
models provide more compatible to the system compared to the
fuzzy models. An intuitionistic fuzzy graph can be derived from
two given intuitionistic fuzzy graphs using max-product. In this
paper, we studied the degree of vertex in intuitionistic fuzzy graph
by the max-product of two given intuitionistic fuzzy graph. Also
find the necessary and sufficient condition for max-product of two
intuitionistic fuzzy graphsto beregular.

Keywords: Intuitionistic fuzzy graph (IFG), Max-Product,
Regular Intuitionistic fuzzy graph.

I. INTRODUCTION

In 1965, Zadeh [30] represented the uncertainty as fuzzy
subset of sets. Since then, the theory of fuzzy sets has become
a strong area of research in different disciplines including
medical and life sciences, management sciences, social
sciences, engineering, statistics, artificial intelligence, signal
processing, graph theory, multi-agent systems, pattern
recognition, robotics, computer networks, expert systems,
decision-making, automata theory, etc. The concept of
intuitionistic fuzzy set was introduced by Atanassov [2].
Shannon and Atanassov [5] introduced the notion of
intuitionistic  fuzzy graphs in 1994. Parvathi and
Karunambigai [6] defined the intuitionistic fuzzy graph as a
special case of intuitionistic fuzzy graphs introduced by
Atanassov and Shannon [2]. Akram and Davvaz [1] studied
some operations on strong intuitionistic fuzzy graphs. Y ahya
Mohamed and Mohamed Ali [6, 7, 8] introduced the
max-product and modular product on intuitionistic fuzzy
graphs and they defined the complement of modular product
of two intuitionistic fuzzy graph. Some recent works in
intuitionistic fuzzy graph and interval-valued Pythagorean
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fuzzy graph can be found in [9, 10, 11, 12]. In this paper, we
have studied the degree of vertex in intuitionistic fuzzy graph
by the max-product of two given intuitionistic fuzzy graph.
Some regularity conditions for max product are stated and
proved.

[I. PRELIMINARIES

Throughout this paper, assume that G* isacrisp graph and G
is an intuitionistic fuzzy graph.

Definition 2.1

An intuitionistic fuzzy graph is of the form
G = ((01,02), (1, 42)) ON G = (V, E), where

1. V={x,x,...,x,} such that o:V —[01] and

o, : V. — [0,1] denote the degree of membership and
non-membership of the element x; € V respectively,
suchthat o;(x;) +0,(x;) < 1 fordl x; € V.

2. EC VXV where y: E - [0,1] and u, : E - [0,1]
are defined by ul(xl-,xj)Sal(xi)/\al(xj) and
,uz(xl-,x]-) < 0,(x;) Voy(x;) such  that

ﬂl(xi,xj') + ‘le(xl',x]') <1 ,V(x,-,xj) € E.
Definition 2.2

An intuitionistic fuzzy graph G = ((0y,02), (U1, 12)) is
called strong intuitionistic fuzzy graph if

H1(xz,xj) = 0y(x;) Aoy (x;) and
,uz(xi,xj) =0,(x)V az(xj), \ (x,-,xj) EE,i#]j.

Definition 2.3

An intuitionistic fuzzy graph G = ((ay,02), (U1, 1z)) is
called complete intuitionistic fuzzy graph if

w (xi,%;) = 01.(x) A 0y (%) and
Hz(xz, xj) =og,(x) V az(x]-),in, xX; EV,i#j.
Definition 2.4

Let G = ((01,02), (44, 12)) be an intuitionistic fuzzy graph,
then the order of G is defined to be

0(6) = (04,(6),0,,(6)) where 0y, (6) = ey 03(x) and
05,(G) = Lxev 02(x).

Definition 2.5

Let G = ((04,0,), (Uq, 42)) be an intuitionistic fuzzy graph,
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where S, (G) = Yxyer 1 (xy) and S, (G) = Yyyer 12 (xY).

Definition 2.6

The complement of an intuitionistic fuzzy graph ¢ = (V,E)
is an intuitionistic fuzzy graph G = ((0y,0,), (U1, i2))
where (a4, 0,) = (0y,0,) and

i (xy) = 01(x) Ao (y) — py (xy) and

fz2(xy) = 01(x) V 0,(y) — ua(xy), Vxy € E.

Definition 2.7

Let G = ((01,03), (1q, 43)) be an intuitionistic fuzzy graph.
The degree of a vertex x in G is denoted by
de(x) = (df (x),d§ (%) and defined by

dIG (u) = iny .u-lc )
dZG (u) = iny .U-ZG (x' y)

Definition 2.8

= Z(x,y)eE.ulc (x,y) and
= Z(x,y)eE IJZG ).

Let Gl'(( ,02 ) (ul LUy )) and G, ( (01 , ,
(Hl ,uzz)) be two intuitionistic fuzzy graphs. The
max-product of two intuitionistic fuzzy graph G, and G, is
denoted by Gy X Gy = (V) X Vo, Ey X E) ,
Ey X By = {(uy, v1) (U, v2) [ Uy = Uy, 11V, € E; 07 0y =
v iUy € By} by oM (ug,vy) = 0y () V oy (vy),
crzclxmcz(ul,vl) = afl(ul) Aafz(vl) , for dl (uq,vy) €
vV, x V, and

G1XmG
#11Xm 2 ((ul’ v1) (Uz, 172))
= {0161(”1) Vugt(ow,)  if w =, v, € Ez}
Hfl(uﬂiz) \4 0'162 (vy) if =V, UsUy € Ey

<
=
|

ﬂglxmcz((upﬁ)(uz' v,))
_ {0261(1‘1) AP wy) i wy = up vy, € Ez}
ﬂgl(uﬂiz) A UZGZ (v1) if v, =v,,uu, EE;
Example 2.9

Let G; = (Vi,E,) and G; = (V,, E,) be two crisp graphs
suchthat V; = {uy, up, us}, Vo = {v1,v,},

E; = {ugug, uyu3}, E, = {vlvz} Consider two intuitionistic
fuzzy graphs G, = ((cr1 Loyt), (U st ) and G, =
((O’GZ, 2), (u¥2, 15?) ) and G, X, G, asfollows:

(0.5,0.2)
uy 14 (0.6,0.3) u,14 (05,04) (0.5,0.4) Uz, (0.6,0.3)
(0.6,0.3) (0.5,0.4) (0.6,0.3)
1,7,(0.6,0.2) 1,1, (05,0.2) (0.5,02) 0, (0.6,0.2)
(0.5,0.2)
G1%m G
Figure - 2

[Il. DEGREE OF AVERTEXINMAX-PRODUCT OF
INTUITIONISTIC FUZZY GRAPH

For any vertex (u,,u,) € V; X V,. Thedegree of avertex in
Gy X, G, isdefined as

d1%C2(yy,u,) = (dflxaz (uy, uy), d5 (ul,uz)), where
dy ™ (uy, 1)

= U (g, 1) (01, v7))

(u1,u2)(W1,v2) € E1XEp
G G:
= Z 0-11(u1) Vﬂ1z(u2v2)
U1=V1, U V2€E,
G G
+ z ﬂll(u1v1) \% 0'12(712);

Up=Vp, U V1 EE]

G1XmG
dy" "™ (U, up)

= GIXGZ ((upuz)(vyvz))

(uq,u2)(v1,v2) € E;XE3

-2

U1 =V1, U V2€E,

oyt (wy) A US? (uyv,)

)

Uy =Vp, U V1 €EE

G G
py' (ugv1) A 0y (uz).

IV. REGULARITY CONDITIONON G4 X,, G,

In this section, we derived the necessary and sufficient of
conditions for the max product of two given intuitionistic
fuzzy graph G; X,, G, to beregular.

Theorem 4.1

Let Gl:(("1 ) (“1 M )) and G: ((01 102 ?), (:“1 M ))
be two intuitionistic fuzzy graphs with underlymg crisp

u3(0.6,0.3) U2(0.4,0.2) graphs Gi“ and G;‘ are regular If 0-161 < #1 , 0-2 > #(2;2’
2> u, 052 < pit and 0,2, 05 are constant functions,
(0.5,0.2) (0.5,04) (0.3,04) then _Gl _x,_n G, is regular if and only if G, is regular
intuitionistic fuzzy graph.
1,(0.6,0.3) 1,(0.5,0.4) v,(05,0.5)
Gl GZ
Figure-1
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Let G;: ((0G1,0 1), (,u1 ,;121)) and GZ:((UGZ, ?), (/‘1 ,,uz )
be two intuitionistic fuzzy graphs with underlying crisp
graphs Gl* and G; are regular with d6 = ry; d% =7, and
<Au1 10-2 >ru2:0-1 >ru1 ,0-2 <.ugl ando— GZ

are constant functions of values k, and k, respectrvely.
Assumethat G, is (p, q) - regular intuitionistic fuzzy graph.
Then, the degree of any vertex in max-product of
intuitionistic fuzzy graph is given by

A2 (uy,1u,) = (77 (g, 1), 5 (uy, 1) ), where
dflmez(up Uuy)

= Z g% (g, v1) (. v7))

(uy,uz),(v1,v2) € E1XE;

G G
= ) e Vel
U1 =V1,UpV2€EE,

G G
O Er ) veta)

Uy =Vp, U V1 EE

Z 13 (upv,) + Z

U1 =V1,UxV2€EE, Up=Vp, U V1 EE

dy? (uz) + d% (uy) 0y (uy)

0% (uy)

=p+rk,
and
dy ™2 (uy, uy)
= Z GlXGZ ((u1'v1)(u2'vz))

(ug,u2)(v1,v2) € E1XE

z UzGl(uﬂ /\Ilgz(uzvz)

U =V1,Up V2 EE;
Gy Ga
+ Z uyt (ugvy) Aoy ? (uy)
Uy=Vo, Uy V1 EEy

S s Y

U1=V1,UV2EE Up=Vo,U1V1EE1
G * G
dy? (up) + d (uy) 0, (uy)
=q +rk,
d®1*%2(uy,u,) = (p + rky, q + k) is constant for all

a5 (uy)

vertices (uq, u,) € Vy X V,.

Hence G, X,, G, isaregular intuitionistic fuzzy graph.

Conversely,

Let G, X,, G, isaregular intuitionistic fuzzy graph.

Then, for any two vertices (uq,u,) and (v4,v,) inV; X V,.
le1me2 (ug,uy) = le1me2 (v, v3)

dy? (uy) + d%(wy) 0,2 (uy) = di2(v,) + di(vy) 0, (vy)
riky + dS? (up) = 1k + d? ()

dy? (up) = di? (vy)

Similarly,
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dg1><mGz (up uz) — df1><mGz (vpvz)
dfz (up) + dG;(u1) 0262 (w) = dgz (vp) + dc (v1) 0262 (v1)

lez + dgz(uz) = lez + dzcz(vz)

d3?(up) = d3*(v;)
This conditionistrue for all vertices (u,, u,) € V; X V,.
Hence G, isaregular intuitionistic fuzzy graph.
Theorem 4.2
Let Gy: (77 05%), (u5,15Y)) and Gy: (o, 032), (i, 115?))
be two intuitionistic fuzzy graphs with underlying crisp
graphs G{ and G; are regular If oft <uf?, ot > pus?;
2> ui 02 <t and 02,057 are constant functlons

then Gy X G, is regular if and only if o
constant functions.

anda are

Pr oof:

Let Gy: ((01 ,02 "), (P‘1 1l )) and G,: ((GGZJG ?), (/‘1 M ))

be two intuitionistic fuzzy graphs with underlying crisp

graphs G{‘ and G; are r-regular and o' < %, a7t > us?
2> uit, 057 < pst and 6%, 0, are constant functions of

vaI uesk, and k2 respectively.

Now assume that o;’* and o5 are constant functions of

values k; and k, respectively.

Then the degree of any vertex in max-product of two

intuitionistic fuzzy graphsis given by

A7 % (uy, 1)

= z GIXGZ ((u1:v1)(u2'172))

(uq,u2)(v1,v2) € EyXE3

z 0'161(711) v,ulGZ(uzvz)

U=V1, UV EE,

Uy =Vp, U V1 €EE

Z afl(ul) + Z

U1 =V1, U V2€E, Uy =Vp, U V1 €EE
* G * G:
=d%(uy) 0y (uy) + d% (uy) 0, (uy)

= T2k3 + 7"1k1

G G
't (uyvy) Vo, * (uz)

a?(uy)

dz % (uy, up)

H?XGZ ((up v (Uz, Uz))

(u1,u2)(1,v2) € E1XE3

= ) AR )

Uq=V1, UV EE,

Up=Vp, U V1 EE

Hgl (uvy) A (7262 (up)
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0262(111)

Yoy

U=V1,UV2€EE, Up=Vp,U V1 €EEq

d% (uz) 0261 (uy) + doi (wy) 0262 (wy)

=rky +1k,

Thisistruefor al verticesin V; x V,. Hence G, X,,, G, is
regular intuitionistic fuzzy graph.

Conversely, assume that G, X,,, G, is aregular intuitionistic
fuzzy graph. Then for any two vertices (uy, u,) and (vy, v,)
inV; xV,.

dlclxmcz (ug,up) = dlclxmcz (v1,v2)
d% (up) 07 (uy) + d% (wy) 07 (uy)
= dG;(vz) 0161 (vy) + dGI(lﬁ) 01(;2 (vy)
7 afi(ul) +nk, =n afl(vl) +nk,
r 00 () =15 07" (v)
ot () = o7 (v1)
Similarly,
dzclxmaz (uy,up) = dzglmez (vy,v7)
A% (up) 0, (uy) + d% (uy) 0% ()
= d%(v;) 0, (vy) + d%i(vy) 0,2 (vy)
rzazcl(ul) +nk, = rzazal(vl) + nk,
0" (uy) = 0, (vy)
Thisistrue for al verticesin V;. Hence o, and o * are
constant functions.

V. CONCLUSION

Intuitionistic fuzzy graphs play an important role in
uncertainty quantification in networking, route mapping,
shortest path problem, etc... Intuitionistic fuzzy model are
more realistic compared to other fuzzy and interval -valued
fuzzy models. In this paper, the degree of a vertex in
max-product of two given intuitionistic fuzzy graph is
studied. The necessary and sufficient condition for the
max-product of two given intuitionistic fuzzy graph to be
regular are stated and proved. In future, we will extend these
results in some new operations on intuitionistic fuzzy graph
and interval-valued intuitionistic fuzzy graph.
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