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Consensus Control for a Network of Multiple
Elastic Joints Robots with Algebraic Riccati
Equation (Are)
A.S.M.Isira, N.S.Hamdan, W.C.Yan, Hairi.M.H

Abstract: This paper deals with the leader-follower consensus
problem of Lipschitz nonlinear systems under fixed directed
communication networks specifically for multiple Elastic Joints
Robots. A State-feedback consensus controller is proposed for the
system, based on state and output measurements of neighbouring
agents, respectively. The controller gain is obtained with
Algebraic Riccati Equation (ARE) protocol. An example is
included to demonstrate the effectiveness of the state consensus
controller. It can be shown that both controllers are stable and
able to reach consensus for the system despite the influence of the
nonlinear Lipschitz element from the robot.
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I. INTRODUCTION

In

recent years, distributed cooperative control of

multi-agents system has attracted a lot of attention from
researchers of different fields, such as synchronization [1],
formation control [2], multiple mobile robot systems [3], and
distributed sensor networks [4]. In the context of multi-agents
system, each member of the system is known as an agent or
subsystem with the same characteristics of dynamics in a
group known as a multi-agents system. In numerous
applications, the subsystems or agents are required to achieve
the same task or to reach an agreement upon certain quantities
of interest, which is referred to as consensus or agreement.
One significant advance in consensus control is to use tools in
graph theory, especially the use of Laplacian matrices, to
characterize the network connection.
According to the characteristics of the multi-agents system,
a multi-agents network can be classified to three categories;
first-order (single integrator), second-order (double
integrator), and high-order. The dynamics of each agent in the
first-order system is relatively simple. However, to achieve a
more accurate and effective control action the system should
describe in complex system as second-order or high-order.
General high-order linear system, whose consensus
realization criteria is more difficult to be determined since
each agent does not have specific any structure features as
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simple as the first-order system. Note that in the literature,
many results reported were mainly about the consensus
control for different kind of multiple dynamical systems, for
example for single-integrator and second-order multi-agent
dynamical systems in [5], [6] and for high order multi-agent
dynamical system in [7], [8].
The network links between the agents is the main feature
for the consensus structure analysis and controller design. In
graph theory, Laplacian matrix is often used to indicate the
network connections in multi-agents system. A theoretical
framework for consensus problems of multi-agent systems
with fixed and switching topologies was presented in [9],[10].
The results were extended in [11], in which a unified
approach for the consensus of multi-agent systems with
general linear node dynamics was introduced.
Early results on consensus problems were mostly limited to
linear dynamics and less on nonlinear systems. The difficulty
of consensus control for nonlinear systems owes to certain
restrictions the nonlinearity imposes when using the
information of the individual systems. Consensus control for
second-order Lipschitz nonlinear multi-agent systems was
addressed in [12]– [14]. The consensus problem of high-order
multiagent systems with nonlinear dynamics was studied in
[15]– [17]. For the practical application, two real physical
systems that are closely resembled the Lipschitz nonlinear
system such as Chua’s circuit [18] and the flexible robot [19].
Several control strategies have been employed for both
systems since both systems were published.
In consensus control, certain publications such as [20], [21]
used flexible mobile robot to demonstrate their ideas in
consensus control. Based on the same paper and Spong [19],
this paper will concentrate on an example of flexible robot
formations to demonstrate our ideas to solve consensus
problem. Two contributions can be made from this paper:
1) A state feedback consensus controller is applied on
Spong’s model [19] that resembles a nonlinear system
with Lipschitz nonlinearity. This type of controller has
never been applied on Spong’s model before.
2) The outcome of the simulation example proves that the
controller is stable, and the system achieves consensus.
The arrangement of the paper is as follows: Section 1 is the
introduction of the paper.
Section 2 provides the
fundamental background of consensus control. Section 3
explains the Spong’s model for Elastic Joint Robot together
with the controller applied on
the system.
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Section 4 shows simulation results for state feedback
consensus controller application for Elastic Joint Robot
network system that includes Lipschitz nonlinearity element.
Finally, Section 5 concludes the paper.

The control objective is to design the leader-follower
consensus controller using measured output information of
the neighboring agents such that the states of the follower
subsystems in a group asymptotically track the state of the
leader subsystem.

II. PROBLEM STATEMENT
Consider N + 1 nonlinear subsystem with identical
dynamics, described as
(1)
(2)
where for
,
is the state vector of the
subsystem,
is the input of the th subsystem, and
is the measured output vector,
,
, and
are appropriate matrices, and
is a Lipschitz nonlinear function with the
Lipschitz constant , i.e. for any two constant vectors
, we have

A. Elastic Joint Robot Model
A model used is the elastic joint robot, as shown in Figure
1. It is a single-link manipulator with revolute joints actuated
by a DC motor. The elasticity of the joint can be modelled as
a linear tensional spring, and the elastic coupling of the motor
shaft to the link introduces an additional degree of freedom
[19]. The states of the system are motor position, the link
position and velocity.

(3)
Without loss of generality, a subsystem indexed by is
assigned as the leader with
and the subsystems
indexed by
are referred to as followers.
The connections between the subsystems are specified by
a directed graph which consists of a set of vertices denoted
by and a set of edges denoted by . A vertex represents a
subsystem and each edge represents a connection. The
adjacency matrix associated with the graph is defined
with elements
if there is a connection between
subsystem

to , and

matrix

The corresponding state-space model is
(7)

otherwise. The Laplacian

is commonly defined as
(4)

with
being the inertia of the motor, the inertia of the
link,
the angular rotation of the motor,
the angular
position of the link,
the angular velocity of the motor,
and
the angular velocity of the link.

(5)
A few assumptions are needed.
Assumption 1: Triple matrices
and observable.
Assumption 2:

Figure 1: Elastic Joint Robot

are controllable

These describes the system as nonlinear, and the system
dynamics are

A leader subsystem is fixed.

Assumption 3: The communication network
of the
multi-agent systems contains a directed spanning tree with the
leader as the root.
Since the leader has no neighbors,

(8)
with

can be partitioned as
;

(6)
where

and

.

Then we need Lemma 1
Lemma 1 [19]: If the Assumption 3 holds, then all the
eigenvalues of have positive real parts.
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,
, 1.0130, and
-1.0130. We then obtained the controller gain matrix (from
as
(9)
Spong [19] presented a nonlinear I/O linearizing control
law for this system. The control law guarantees closed-loop
stability and tracking ability for any desired trajectory of the
robotic link. However, Spong's work was in single system. It
is interesting to see if a number of flexible mobile robot's
parameters controlled with consensus controller in a
distributed manner. Therefore, the next example will
demonstrate our idea of distributed control on flexible
mobile robot with the application of state-feedback
consensus designed later.

where

III. SIMULATION AND RESULTS
The nonlinear system dynamics (8) can be transferred to a
multi-agents system dynamics in the form of nonlinear system
(1) with the same matrices
and
for all
where represents the number of agents. Let
be the angular rotation of the motor,
be the
angular velocity of the motor,
be the angular rotation
of the link of the
manipulator, and
be the angular
velocity of the link of the
manipulator. was determined
to be
, with
and
. It can be verified that
matrices
are controllable and observable.

Similarly,
simulations
were
done
with
Simulink/MATLAB.
The
plots
obtained
for
$\gamma=0.333$ are shown in Figure 3 and Figure 4. When
was increased to 0.8, it is observed that the subsystem still
reached consensus after small oscillations. The signal was
smooth when
. However, as we increased further
to
, the system became unstable.

In this example, state-feedback consensus controller is
applied. The connections between agents is shown in Figure 2
and the Laplacian matrix obtained is (14). Note that the
controller applied is from [22] using the relative state
information which takes the structure

(a)

(10)
where is the leader,
matrix to be designed later and

is a constant control gain
.

(b)
Figure 3: (a) Plot of leader substate 1 and follower substates 1
consensus state feedback controller, under the influence of
Lipschitz nonlinearity at
. (b) Plot of Leader
substate 2 and follower substates 2 consensus state feedback
controller, under the influence of Lipschitz nonlinearity at
.
Figure 2: Connections Between Agents
The leader-follower consensus problem is said to be solved if
(11)
The solution of P is obtained with Algebraic Riccati
Equation (ARE) procedure by obtaining the Hamiltonian
matrix from MATLAB/Simulink. This matrix needs to have
no eigenvalues on the imaginary axis [24]. Hence, we can
obtain eigenvalues of the Hamiltonian matrix
to be
, -9.8574,
,
,
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Based on the simulation plots, it is clear that, the consensus
is successfully reached with the application of controller (10).
The lipschitz nonlinearity range that is covered for this
simulation is relatively small from
where it is
evident that the system is stable. This shows that the elastic
joint robot system is able to withstand the influence of the
nonlinearity element from the motor within a quantifiable
range. ARE protocol [24] is used to obtain the values of
matrix P for controller matrix
K.
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IV. CONCLUSION
In this paper has provided an example of consensus control
application for a flexible joint robot with state-feedback
consensus controller. The solution for matrix P for both
controller gains were obtained using ARE procedure. The
elastic joint robot system with the controller designed showed
that consensus has been successfully reached from the
simulations shown. This proved that the controller is stable
and able to withstand Lipschitz nonlinearity element in the
system. For future research, the state-feedback controller can
be compared with observer-based consensus controller for
further observation and verification. The inclusion of
observer in controller design is highly suitable when a
system’s states are mostly unmeasurable and need to be
estimated.
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