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Solution of A Cubic Equation with Triangular

Number as Coefficients
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Abstract: While solving a cubic eguation one root is always
identifiedusing trial and error method. Herein thispaper first the
interval in which thereal root appearsisfound and thereal root is
identified using continued fraction method. It isillustrated by an
equation having polygonal numbers as coefficients. .
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Notations:
.. .a
1. [ao 858,85, “] Continued fraction
expansion.
P, (n
2. a(N) Polygonal number of side d andrank M.

. INTRODUCTION

The ancient Greek mathematician Diophantos was one of the
first to study polygonal numbers. A polygonal number can be
defined as a sum of equidistant dots used to represent a
polygon of a certain size [4,5,6]. The rank of a polygonal
numbersisthe number of dotson aside of the outermost layer
of the polygonal number. This holds true for all polygonal

numbers.
A polygona number is denoted by Ry (n) where d is the
number of sides to the corresponding polygon and N s the

rank of the polygonal number. For instance E (4) would bea
pentagonal number with rank four. All polygona numbers
with rank one equals one, and all polygonal numbers of rank
two are equal to the number of sides on the corresponding

polygon.

Polygonal number of side d and rank N isgiven by the
formula
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)_(d=2)n" +(4-d)n

P,(n
‘ 2 . Where

d,neNand d=>3.

Continued fraction plays an important role in number theory.
It isused to represent the rational numbersto an another form
by using Euclidean algorithm [1,2].

An expression of the form

alo
I
»
_l_
o)

where 4 ’h are real or complex numbers is caled a
continued fraction.An expression of the form

P _ 1
q o7 R 1
A 1
a2+

1
a3 + -

where h =1vi, and 18,8, are each positive
integersis called a simple continued fraction.

The continued fraction is commonly expressed as

or simply
as[ao’al’az’ag"u].Theelemmts B,8,8, 85, are

called the partia quotients. If there are finite number of
partial quotients, wecall it finite simple continued fraction,
otherwise it isinfinite.

Il. MAINRESULTS

A. Stepsfor determining roots of the cubic equations:

(i) Tofind an interval where the real root lie (by random
choice)
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Solution of A Cubic Equation With Triangular Number As Coefficients

(i) If the exact root lie between either (6.¢+D)
then replace X, by y+¢

(iii) Rewrite the cubic eguation in terms of y
(iv) Using continued fraction method, find the root of

y which is always less than one

(V) The exact root of the equationis X=y+ § , Where

xe(&,E+D

Procedure for finding the roots:[ 3]
3 2
take TO=X+ax"+ px+y=0
Xe(§,&+1)

. Suppose

fly+8)=(y+&)° +a(y+&)*+p(y+&)+y =0
= (Y +E 4387 +38y) +aly +E+25) + fly+¢)+y=0
=Y +Ha+X)Y + (3 + 20+ )y +(E +al +fi+y

:>y3+a1y2+,81y+;/1=0
Where &1 :(a+3§), B :(352"'2055"',3),

= Yy +ay+ ) =—(r.+ BY)
= Y[(y+a)(y+b)]l=—(», + BY)

— ,_
Where %1 = a+b and 'Bl_ab

This can be decomposed into partial fraction as

__—ntpy) _ A B
[((y+a)(y+b)] (y+a) (y+b)
A B
=>Yy= +
(y+a) (y+b)

Here the constants Aand B are determined by comparing

) ~ 6he coefficient of y constant terms.

On Successive substitution of y
continued fraction

A B
y= +
(y+a) (y+b)

, gives the infinite

3 2 A B
n=("+ag + 5 +y) =Y s T T A &
. - a b
The above equation also equivalent to2 {(y+a) + (y+b)}+ {(y+a) + (y+b)}+
y3+a1y +ﬁ1y:_71
2
:>y(y +a1y+ﬂ1)=—7/1
2
=YY +ay+ B+ B)=-n
A
= Yy= —+
A B
+ +a
A B A B
+ +a + +b
{(y+a) (y+b)} {(y+a) (y+b)}
B
A + B +b
A B A B
+ +a + +b
{(y+a) (y+b)} {(y+a) (y+b)}
The above ladder format of y can aso written in the
and so on.

following form

y=Alla+{A/a+y+B/b+y}|+B/la+{Ala+y+B/b+yj]

y=Alla+{Ala+..+B/b+..}]+Bl/la+{Ala+..+B/b+..}].

Approximation of the root of y 3]

The first approximation of y is denoted by (¢ a+y b+y

p_AB

% a b
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The second approximation of y is denoted by
pp A B

and so on.

A B
As a—i_yand b+y has a
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term y , these are inter connected.

P

Since these are inter connected qo contains two terms,

P Pz

G have four terms and R7 contains 8 terms.
In this way number of terms increases in geometric
progression.

The approximation of y improves as number of quotients
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considered as increased. Also these inter connected fractions
gives theinfinite continued fractions and are convergent.

If the value of y found then the value of then

X=y+ 5 is the approximate root of the given cubic
equation.

3
Consider the equation with the coefficient of X" as unity

NG
and coefficient of , and constant terms are

considered as polygona numbers with consecutive ranks.
The equation may be given as

x3+;[(d _2)k? +(3d — 4k + 2d X2 + ;[(d ~2)k? + (5d — 8)k + 6(d — D) Jx

+ ;[(d —2)k? +(7d —12)k + (12d —16)]|=0, k=01,2,...

Here d represents number of side of the polygonal

number and = k+2 is rank of the polygona number.

Taking d= 3, the coefficients became triangular
numbers.
The cubic equation may be written as

X+ ax + x+y=0 oo

x3+%[(k2 +5K +6Jx° +%[k2 +7k +12]x+%[k2 +9k+20]=0,k=012,..

Suppose the real of root of the equation lies in
(@ =D~ =D) e X, Y- (@=D

Therefore

o = [ +5k+6],,8:%[(k2 + 7k +12],and y:%[(kz + 9k +20]k=0712,...

2

[y—(a-DP +aly—(a-D)° + fly— (@ -D] +y =0.

=V —Q2a-3) Yy + (@’ -da+L+dy-[(a-1)°-a(a-1)*+af - S -y]=0.

=Yy -py’+ay-r=0.
p=(2a -3

Where '
q:(a2—4a+ﬁ+3) and
r:(a—1)3 —0!(0!—1)2 +aﬂ_lB_7/_Theref0
re y’—py’ +ay=r

5] {2
Now taking 2 2

and q”:q_q,,here S#S
y - py’+q+q'y=r
=y - py+q)y=r+q'y
__r—qy
(Y’ - py+q)
r-q'y
(y-9)(y-59)
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Using partia fraction

y= r—qy,: A N B,
(y-s)(y-s) (y-9) (y-59)

=>r-qy=Aly-s)+B(y-9

r—q's
y—s = AT =S
Put (s—-9)

r _ ”Sl

y=8,= B=——— 9

And (s'—s)

I11. ILLUSTRATION
Taking k=2 , get the cubic equation

x> +10x* +15x+21=0

Tofind thereal solution, first made arandom check to find the
interval where the root will lie.
Thereal root of the above equation lies between -9 and -8.

Next step to replace X by y- 9, so that the equation
becomes
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(y—9°+10(y —9)* +15(y —9) + 21=0
On simplifying , y3 _17y2 + 78y_ 33=0
= y®-17y? + 70y =33- 6y

= y(y* =17y +72) =33-6y

33-6y
= V=
(y-8)(y-9)
Using partial fraction to solve,
33-6y A B
= Yy= = +
(y-8)(y-9) (y-8 (y-9)
A B
=>y= +
(y-8) (y-9)

Now 33— 06Y=A(y-9)+B(y-8)
When y:9, B:_Zlandwhen y:8, A=15

15 -2
—y= +
Therefore, (y N 8) (y N 9)
Now
P _ 15 2 ae, 2333304583
9 -8 -9
o, 15 21

q  04583-8 0.4583-9

P _ 5 21
g, 0.4696-8 0.4696-9

Therefore the root of y= 0.4999

Hence the root of the cubic eguation
x=0.4999-9=-8.5301
Thus the real root of the cubic equation

x> +10x* +15x+21=0,, x = -8.5301

IV. CONCLUSION
Fromthe aboveillustration wefind that the cubic equation has

one negative real root. Also when k= 01234,... get
the cubic equations whose coefficients are consecutive
triangular numbers, having one negative real root. Fixing

d _4’5’6"" we get the cubic equations with various
polygonal numbers such as square numbers, pentagonal
numbers etc. as coefficients . As a cubic equation must have
three roots, the remaining two roots can also be identified in
continued fraction method. It will be presented in the future
work.
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=—-1.9889 + 2.4585 = 0.4696

=-1.9919+ 2.4618 = 0.4699
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