
International Journal of Recent Technology and Engineering (IJRTE)  
ISSN: 2277-3878, Volume-8 Issue-3, September 2019 

 

3278 

Published By: 
Blue Eyes Intelligence Engineering 
& Sciences Publication  

Retrieval Number: C5422098319/2019©BEIESP 
DOI:10.35940/ijrte.C5422.098319 
Journal Website: www.ijrte.org 
 

 
Abstract: Interval data, a special case of symbolic data, is 

becoming more and more frequent in different fields of 
applications including the field of Data Mining. Measuring the 
dissimilarity or similarity between two intervals is an important 
task in Data Mining. In this paper an analysis of ten desirable 
properties that should be fulfilled by the measures for interval data 
for making it suitable for applications like clustering and 
classification has been done. Also, it has been verified whether 
these properties are satisfied by three existing measures- L1-norm, 
L2-norm, L∞-norm and also a new dissimilarity measure for 
interval data has also been proposed. The performance of all the 
existing distance measures are compared with the proposed 
measure by applying well known K-Means algorithm on 6 interval 
datasets. It is seen that proposed measure gives better clustering 
accuracy then the existing measures on most of the datasets. 

 
Keywords: Distance measure, Interval data, Interval data 

clustering, Semimetric 

I. INTRODUCTION 

In many real-life applications, we come across interval 
data. Any interval-valued data generalizes a single-valued 
data because it represents a range of values between two 
bounds.  Each interval can be represented uniquely by a 
lower bound l and upper bound r and denoted as [l, r]. These l 
and r are also called starting point and ending point of an 
interval. Defining a suitable distance measure between two 
intervals is very much different from defining the distance 
between other types of data such as numeric values, points in 
multidimensional space or data having numeric/categorical 
features. This is mainly because there will be an overlapped 
area between any two intervals, even though the overlapped 
area might be empty. Thus while defining distances, apart 
from the distance between the endpoints, the size of the 
overlapping area also needs to be considered.  

Interval-valued data are found in many real-life data 
mining applications such as weather forecasting, medical 
data analysis, stock market analysis etc. In some cases, 
measuring precisely or finding the exact value of an attribute 
is difficult. In certain cases, uncertainty may exist in the 
observations. In those cases, values of the attributes are 
considered as intervals. Sometimes attribute values are 
converted to intervals to reduce large data volume or 
sometimes to preserve a level of confidentiality (e.g. 
converting actual salary values to salary slabs, converting 
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marks obtained by students to grades). The data may also 
come from intrinsically interval-valued random elements 
(e.g. daily temperature/humidity range for a location, the 
daily fluctuation of the blood pressure of a patient).  

There are 13 possible relationships that may occur between 
two intervals [1].  From the point of distance measure, the 13 
possible relationships [1] can be reduced to only three 
relations before, overlap and contain [2]. In-spite of the 
difference between interval and numeric data, several 
distance measures used for numeric data are used in interval 
data [2-7]. These measures may or may not consider the 
relationship between the intervals.  

The aim of this paper is to analyze some desirable 
properties of distance measures for interval data. Also it has 
been verified whether these properties are satisfied by a 
number of standard distance measures for interval data. After 
analyzing the properties for three different existing distance 
measures, a new distance measure for interval data has been 
proposed. 

II. BACKGROUNDS ON INTERVAL DATA 

In this section formal definition of an interval is given 
together with various representation methods. Arithmetic 
operators that are used in this work and relations that hold on 
interval data are also stated. 

A. Definition of Interval 

Given a totally ordered domain D, a non-empty subset I of 
D is called an interval iff for all      I and c D,   ≤ c ≤    
implies c I. If for a given interval I,   ≤ c ≤    holds for all    
c I where   and   are two specific elements in I then I is 
denoted by [     ], and   is the left end point (or lower 
bound) and   is called the right end point (or upper bound) of 
I. The intervals that we consider are all closed intervals 
because for any c I,   ≤ c ≤   . 

B. Representations of Intervals 

Intervals can be represented in one or two dimensional 
space as follows- 
 Interval as Line: An interval I = [      ] can be 

represented as a line segment (Fig.1) in one- dimensional 
space. The ends           denote the ends of the line. 
Thus, Intervals from same domain can be represented as 
a set of lines along an axis. If the intersection between 
any two intervals is nonempty then an overlapping 
between the lines are seen. Two intervals from same 
domain can be mainly categorized as overlapping or 
non-overlapping.  

 

I- I+

 
Fig.1. An interval I = [     ] as a line segment in  

one-dimensional space 
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 Interval as Point: An interval I = [    ] can also be 
represented as points in two-dimensional space (shown 
in Fig. 2) and therefore a set of intervals from the same 
domain can be represented as a set of points in 
two-dimensional space. The disadvantage of this 
representation is that if any two intervals are overlapping 
in one place then it is not visible in its point-based 
representation. 

 

( I- , )

I-

I+

I+

 
Fig.2. An interval I = [     ] as a point in 

two-dimensional spaces. 
 

 Interval as Circle: Intervals can also be represented as 
circles (Fig. 3) in two-dimensional planes.  Thus any 
interval I = [     ] can be defined in terms of center and 
radius of its circle.  

 
Thus, center and radius of I will be – 
 

                   Center, c = 
      

 
         Radius, r = 

      

 
 

 
               Again, left end,   = c - r 
                           right end,   = c + r 
 

I+I-

 
 

Fig.3. An interval I = [     ] as a circle in 
two-dimensional spaces 

C. Arithmetic of Intervals 

The following arithmetic concepts are defined for intervals 
[11]- 
 
 The width and midpoint of an interval I = [      ] are 

defined as- 
i. Width,( | I | ) =    -    

ii. Midpoint, (mid I)= 
            

 
 

 Suppose, I1 = [  
    

 ] and I2 = [  
 ,   

 ]denote any two 
intervals then- 

i. Meet, I1   I2:  Meet of two intervals I1 = [  
    

 ] 
and I2 = [  

 ,   
 ] is empty (i.e. I1   I2 =  ) if    

 >  
  or 

  
 >  

 .  
Otherwise, Meet, I1   I2= [max(  

 ,   
 ), min(  

 ,   
 )]  

ii. Join, I1   I2=  [min(  
 ,   

 ), max(  
 ,   

 )] 
iii. Contain,I1    2 iff   

     
 and   

     
 

 

iv. Properly Contain,I1   2 iff   
    

 ,   
     

  or 
  
     

 ,   
    

 
 

 Suppose there are n intervals I1, I2, ….. , In in domain J. 
Then width of domain J will be                             

                     | Domj| = |I1   I1  I3  ------  In| 
 

D. Possible Relationship between Two Intervals 

If we consider intervals as a set of lines along an axis, then 
the intervals can be categorized as non-overlapping and 
overlapping. Suppose I1= [  

    
 ], I2 = [  

 ,   
 ]  are two 

intervals. If        =   then they are called non-overlapping 
otherwise they are called overlapping intervals. Having seen 
the positions of the intervals along the axis, in the paper [1] 
Allen proposed 13 possible relationships that may occur 
between any two intervals as before, after, meets, meet by, 
overlap, overlap by, during, includes, starts, start by, finishes, 
finished by, equal. Among these relations, some relations are 
the mirror image of others. For example, ‘X before Y’ and ‘Y 
after X’ denotes the same relation. Thus, these 13 
relationships can be reduced to only 7 relationships- before, 
meet, overlap, during, start, finishes, and equal. For the 
purpose of distance measure, in paper [2] authors have 
mentioned that only three possible relationships may be 
considered between two intervals. They defined these as 
Before, Overlap, Contains. The ‘Before’ relation holds when 

the two intervals are non-overlapping and ‘Overlap’, 

‘Contains’ hold for overlapping intervals. The mirror 
relations are ‘After’, ‘Overlapped by’, ‘Contained by’ 
respectively.  

Suppose,        =   and I1 before I2 or I1 after I2 is true. 

Then, Separation (I1, I2) = |  
  -   

 |, which increases when the 

I1 and I2 are more apart from each other.   

 

 
(a) I1 before I2or I2 after I1 
 

 
(b) I1 contains I2 

 
 (c) I1 overlaps I2 

 
Fig.4. Relationships between two intervals I1 and I2 

III. STANDARD DISTANCE MEASURES FOR 

INTERVAL DATA 

As said earlier, intervals can be represented in one or two 
dimensional space as a line, as a point or as a circle. By 
considering interval as point in two dimensional spaces, it is 
possible to measure the distance between two intervals as the 
distance between two points. If intervals are considered as 
lines,  
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then distance between the intervals can be computed in 
terms of their boundary values [6]. Similarly, by considering 
the intervals as circles in two dimensional spaces, it is 
possible to express the distance between two intervals in 
terms of centre and radius. 

Suppose I1 = [  
    

 ], I2 = [  
 ,   

 ]  are two intervals. Let, 
c1, c2 and r1, r2 denote the centre and radii of I1 and I2 
respectively then,  

            Center, c1 = 
  
     

 

 
         Radius, r2 = 

  
     

 

 
 

There are various existing distance measures to measure 
the distance between intervals I1 and I2. In this section a 
study of three existing distance measures of interval data has 
been reported. 

A. L1-norm or City Block distance 

The L1-norm or City Block distance or Manhattan 
distance for a pair of interval is a suitable extension of the   
L1 Minkowski distance [2]. By considering intervals as 
points, the L1- norm between I1 and I2 can be expressed as 
the sum of the absolute distances between its ends.  
 
   

 (I1, I2) = |  
     

  +    
    

 | --------------------- (1) 
 
Again, L1-norm in (1) can be rewritten in terms of center 

and radius as- 

   
(I1, I2)= 

                             
                                            

   ---(2) 

 

B. L2-norm or Euclidean distance   

In mathematics, the Euclidean distance or L2-norm is the 
"ordinary" straight-line distance between two points in 
Euclidean space. Using L2- norm [7] the distance between I1 
and I2 can be expressed as the square root of the sum of the 
square distances between its ends. 

 
   

 (I1, I2) =     
     

       
    

       ---------- (3) 
 
Again, L2-norm can be rewritten in terms of center and 

radius as 
 
   

  (I1, I2) =          
           

  --------- (4) 

C. L∞- norm 

Using the L∞- norm [2] the distance between I1 and I2 can 
be expressed as the maximum of the absolute distances 
between their ends. 

 
        

(I1, I2) = max (|  
     

  ,    
    

  ) -------- (5) 
 
L∞-norm can be rewritten in terms of center and radius as- 

 
   

(I1, I2) = |c1-c2|+|r1-r2|     ------------------- (6) 

IV. PROPERTIES AND CHARACTERISTICS OF DISTANCE 

MEASURES FOR INTERVAL DATA 

There are many applications in data mining like 
clustering, classification etc. in which distance measures are 
used. In many real life applications objects are described by 
means of intervals. Sometimes one or more features of 
objects may be of interval type.  Also in many clustering 
algorithms clusters are represented by single representatives. 
For numeric data the representative may be the median, 

mode or other central tendencies of the objects in the cluster. 
For interval type objects a suitable representative will have 
to be defined.  Keeping in mind applications of these types, 
in this section some desirable properties for distance 
measures of interval data are stated. Then it has been verified 
whether these properties are satisfied by L1-norm, L2-norm, 
L∞-norm for interval data. 

 
Suppose, I1 and I2 are two intervals and D(I1, I2) denotes 

the distance between I1  and  I2. Then the measure D is called 
a metric or distance measure if it satisfies the following 
properties [9]- 

 
P1.D(I1, I2) ≥ 0; non-negativity  

P2.D(I1, I2) = 0; if and only if I1=I2 

P3.D(I1, I2) = D(I2, I1); symmetric  

P4.D(I1, I3) ≤ D(I1, I2) + D(I2, I3); triangular inequality. 

 
A measure which partially satisfies these properties is 

called a divergence or dissimilarity or semi-metric 

measure.  

 

All the measures L1-norm, L2-norm, L∞-norm are 

metric as they satisfy all the properties P1, P2, P3, P4.  

 

By analysing the relations before, contains, overlaps in the 

context of clustering of interval data, we had observed that 

distance measures satisfying the following properties, would be 

superior to the others. 

 

P5. Let, I1 and I2 are two intervals. Assume that width of I1 
and I2 are fixed. If I1 and I2 are disjoint, D(I1, I2) should become 
larger, when I1 and I2 are farther apart from each other i.e.     
D(I1, I2) should become larger when Separation(I1, I2) becomes 
larger [2]. In Fig.5.D(I1, I2) should become larger when                
d = |  

    
 |  becomes larger. 

 

 
Fig.5. An example to illustrate P5 

 
Suppose |Ix| and |Iy| are fixed. If        =   then all the 

measures mentioned in Section III can be rewritten as follows-  

 

 L1-Norm:     
(I1, I2) =|I1|+|I2| + 2 x Separation (I1, I2)----  (7)    

 

 L2-Norm:    
 (I1,I2) =                         

  

                                                                 
 ---- (8) 

 

 

 L∞-Norm:    
(I1, I2)=                                

                                                                ) ------- (9)  

 

From (7), (8) and (9), it can be said that if         

Separation(I1, I2) increases then distance between I1 and I2 

increases for all of the above measures. Thus all L1-norm, 
L2-norm, L∞-norm satisfy property P5. 
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P6. Let, I1 and I2 are two intervals. Assume that width of 

I1and I2 are fixed. If I1 and I2 overlap, D(I1, I2) should become 

smaller, when overlapped interval becomes larger i.e. when 

I1 I2 becomes larger then D(I1, I2) should become smaller 

[2]. In Fig.6. D(I1, I2) should become smaller when                   

d = |  
    

 | becomes larger. 

 

 
Fig.6. An example to illustrate P6 

 
Suppose |I1| and |I2| are fixed. If        ≠   then the 

measures L1-Norm, L2-Norm, L∞-Norm can be rewritten as 

follows-  

 

 L1-Norm:    
 (I1, I2) =|I1|+|I2| - 2|I1   I2| ------------ (10) 

 L2-Norm:   
 (I1, I2) =                

   

                                                         
  ----------- (11) 

 L∞-Norm:   
(I1, I2) =                        

                                                     ) ----------- (12) 

 

From (10), (11) and (12), it can be said that if overlapping 

area between I1 and I2 decreases then distance between I1 and 

I2 increases. Thus, all L1-norm, L2-norm, L∞-norm satisfy 

property P6. 

 
P7. Let, I1 and I2 are two intervals. If I1 encloses I2,      

D(I1, I2) should be invariant, regardless of position of I2 

within I1 [2]. 

 

 L1-Norm: From (2), it is seen that when relation between 

the intervals is ‘Contain’, then distance between I1 and I2 

is twice the absolute differences between its radii r1 and 

r2 i.e. if  I1 contains I2 then    
(I1, I2)=2(r1– r2).When 

lengths of I1 and I2 are fixed then length values of r1 and 

r2 are also fixed. Thus, changing the position of one 

interval does not affect the distance between them. Thus, 

the propertyP7 holds for L1-Norm. 

 

 L2-Norm: From (4), it is seen that for each relation the 

distance between I1 and I2 is dependent on the distance 

between their centers. Thus, the distance between I1, I2 

will change when position of I2 within I1 changes. Thus, 

the propertyP7 does not hold for L2-Norm. 

 

 L∞-Norm: From (6), it is seen that for each relation the 

distance between I1 and I2 is dependent on their relative 

positions (distance between their centres) with respect to 

each other. Thus when I1 contains I2 (or I2 contains I1) 

then distance between I1 and I2 will change if position of 

I2 changes within I1. Thus, the propertyP7 does not 

hold for L∞-Norm. 

 

P8. Let, I1, I2 and I3 are three intervals. If I3 I2or I2 I3 then 

distances D(I1, I2) and D(I1, I3) should not be same. (Fig.7) [18] 

. 

 
Fig.7. An example to illustrate P8. D(I1, I2) and D(I1, I3) 

should not be same 
 

 L1-Norm: The property P8 does not hold for L1-norm. 
 
For example-Suppose, I2=[12, 18], I3=[14, 16] are two 

intervals such that I3 I2..  

 

     Now, if I1=[4, 15] is an another interval then from (10),    

    
 (I1, I2) =    

 (I1, I3) =11 

 

 L2-Norm: The property P8 does not hold for L2-norm. 
 

For example- Suppose, I2=[5, 21], I3=[7, 19] are two intervals 

such that I3 I2..  

 

     Now, if I1=[2, 16] is an another interval then from (11), 

                  
 (I1, I2) =    

 (I1, I3) =√34 

 

 L∞-Norm:  The property P8 does not hold for L∞-norm. 
 

For example- Suppose, I2= [7, 11], I3= [8, 10] are two 

intervals such that I3 I2.  

 

Now if I1= [6, 9] then from (12), then 

               
(I1, I2) =   

(I1, I3) = 2 

 
P9: Let, I1, I2 and I3 are three intervals. If                                

                ≠  then distances D(I1, I2) and  D(I1, I3) 
should not be same when |I2| |I3| (Fig.8.) [10]. 

 

 
Fig.8. An example to illustrate P9.  D(I1, I2) and D(I1, I3) 

should not be same. Actually D(I1, I2) <D(I1, I3) should be 
true. 

 
 L1-Norm:  The property P9 holds for L1-norm. 

 
Suppose        ≠   and        ≠  , then from (10), 
 
   

 (I1, I2)  = |I1|+|I2| - 2|I1   I2| ----------------------- (13) 
         

 (I1, I3)  = |I1|+|I3| - 2|I1   I3| ----------------------- (14) 
From (13) and (14), it can be concluded that if         

          then    
 (I1, I2) and     

 (I1, I3) will never be 
same when |I2| |I3|. 

 
 L2-Norm: The property P9 holds for L2-norm. 
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Suppose          and          , then from (8), 
 
   

 (I1, I2) =                
                 

 --(15) 
        

 (I1, I3) =                
                 

 -- (16) 
 

Thus, from (15) and (16) it can be concluded that if 
                 then    

 (I1, I2) and    
 (I1, I3) will 

never be same when |I2| |I3|. 
 
 L∞-Norm: The property P9 does not hold for L∞-norm.  

 
For example- Suppose, I1= [10, 20], I2= [15, 22],                   
I3= [15, 24], then |I1   I2|=|I1   I3|=5 and |I2| |I3|. 

 
     Now,   

(I1, I2) = max [(15-10), (22-20)] =5          
                 

(I1, I3) = max [(15-10), (24-20)] =5 
 
    Thus,    

(I1, I2) =    
(I1, I3) 

 
P10: Let, I1, I2 and I3 are three intervals. If      

Separation(I1, I2) = Separation(I1, I3)then distances D(I1, I2) 
and D(I1, I3) should not be same when |I2| |I3| (Fig.9.) [10].  

 
 

Fig.9. An example to illustrate P10. D(I1, I2) and D(I1, I3) 
should not be same. 

 
 L1-Norm: The property P10 holds for L1-norm.  

 
Suppose,        =   and          then from (7),  
 
   

 (I1, I2) =|I1|+|I2| + 2 x Separation (I1, I2) ---------- (17) 
   

 (I1, I3) =|I1|+|I3| + 2 x Separation (I1, I3) ---------- (18) 
 
Thus, from (17) and (18), it can be concluded that if 
Separation (I1, I2)=Separation(I1, I3) then   

 (I1, I2) and 
    

 (I1, I3) will never be same when |I2| |I3|.  
 

 L2-Norm: The property P10 holds for L2-norm. 
 
Suppose,        =   and          then from (8), 
 
   

 (I1, I2)=                        
   

                                          
  ------------- (19) 

   
 (I1, I3)=                        

   
                                          

  -------------- (20) 
 
From (19) and (20) it can be conclude that if        
Separation (I1, I2)=Separation (I1, I3) then    

 (I1, I2) and 
   

 (I1, I3) will never be same when |I2| |I3|. 
 
 

 L∞-Norm: The property P10 does not hold for L∞-norm. 
 

For example- Suppose, I1=[10, 15], I2=[20, 22],        
I3=[20, 24] then Separation (I1, I2) = Separation (I1, I3) = 
10 and |I2| |I3|. 
 
Now,    

(I1, I2) = max [(20-10), (22-15)] =10          
             

(I1, I3) = max [(20-10), (24-15)] =10 
 
Thus,    

(I1, I2)=   
(I1, I3) 

V. PROPOSED MEASURE 

From the above analysis it is seen that the distance 
measures L1-norm, L2-norm, L∞-norm do not satisfy all 
properties. Thus, we propose a new dissimilarity measure or 
divergence for interval data which satisfies all the above 
properties except triangular inequality. 

 
 Suppose I1 and I2 are two intervals of domain J (Domj) 

then- 
 

                    
  I1  I2).   

          

      
   ----- (21) 

 
When |       =0 then the measure is same as L1-norm. If 

the intervals are not disjoint then the ratio of the size of 
overlapping to the total size of domain is computed. Larger 
the ratio value, lesser is the distance between the intervals.  

 
Since the domain size is taken into account, this measure 

will be applicable only for finite domains. In real database of 
data mining applications underlying domains are in general 
finite. The use of domain size is meaningful here because the 
same amount of overlapping in two different size domains 
will mean different degrees of similarity. 
 

The analysis of properties P1-P10 for the proposed 
measure has been given below- 

 
P1-P4: Proposed measure is a semi-metric 

The proposed measure is a dissimilarity or divergence or 
semi-metric because it satisfies only the properties P1, P2 
and P3.  

 P1:          (I1, I2) ≥ 0; non-negative  
 

 P2:          (I1, I2) = 0; if and only if I1=I2 

It may be noted that, 1 
          

      
 is zero, 

only if         |=|Domj|  
        i.e. |I1|=|I2|=|Domj| 
        i.e. if I1=I2 

 
 P3:          (I1, I2) =           (I2, I1); symmetric 

 
 P4: But, the proposed measure does not satisfy the 

property triangular inequality (property P4). 
 

For example: Suppose, I1=[10, 30], I2=[20, 40],  
I3=[100, 120], then |I1   I2|= 10. 
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          (I1, I2)=   
  I1  I2). (1- 

       

      
 )   

                                = 20 x (1-0.09) = 18.2 

               (I2, I3)=   
  I1  I2). (1- 

       

      
 )  

                                = 160 x1 = 160 

               (I1, I3)=   
  I1  I2). (1- 

       

      
 )  

                               = 180 x 1= 180 
 

Now,          (I1, I2) +          (I2, I3) =178.2  
 

   Thus, 
            (I1, I3) ≤          (I1, I2) +          (I2, I3) is 

not true i.e. the proposed measure does not satisfy 
triangular inequality. 

 
 P5-P6: Properties P5 and P6 hold for proposed 

measure  
 

If        = , then the proposed distance in (21) can be 
reduced to L1-norm. Thus the proposed measure satisfies 
property P5. 

 
   If       ≠ , then (21) can be rewritten as- 
 

                    = (|I1|+|I2| - 2 x |I1   I2|).    
          

      
   

                                                               ------------------- (22) 
From (22), it is seen that when |I1   I2| increases then 

distance                  decreases. So the proposed 
measure satisfies property P6. 

 
 P7: Property P7 holds for proposed measure  
 

Suppose,        then |I1   I2| =|I2|.  
Thus, from (22), 

 

                    = (|I1|-|I2|).    
     

      
  ------------- (23) 

 
In (23) it is seen that this distance is not dependent on 

the position of I2 inside I1. Thus, the proposed measure 
satisfies property P7 also. 

 
 P8: Property P8 holds for proposed measure  
 

Suppose, I1, I2 and I3 are three intervals. Then from (21),  
 

                    
  I1  I2).   

          

      
    

                    
  I1  I3).   

          

      
   

 
Suppose, I3  I2, then                   . 
 

(a) Let,                   

Then   
  I1  I2) >   

  I1  I3) and (1- 
         

      
 ) = (1- 

         

      
 )  

Thus,                  >                ----------- (24) 
 

(b) Let,                   then (1- 
         

      
 ) < (1- 

         

      
 ) 

Thus,                 <                ---------------- (25) 
Hence from (24) and (25), it can be concluded that P8 holds 
for the proposed measure. 

 
 P9: Property P9 holds for proposed measure  
 

Suppose,       ≠   and        ≠  , then the proposed 
measure can be rewritten as- 

 

                 (|I1|+|I2| - 2 x |I1   I2|).   
          

      
   

                 (|I1|+|I3| - 2 x |I1   I3|).   
          

      
   

 
From above it is seen that if                    then                                   
                 ≠                  when |I2| |I3|. Thus, 
property P9 holds for the proposed measure. 

 
 P10: Property P10 holds for proposed measure  
 

Suppose        =   and        =  , then the 
proposed measure can be rewritten as- 

 
                    

  I1  I2) 
                            = |I1|+|I2| + 2 x Separation(I1,I2) 
                    

  I1  I3) 
                            = |I1|+|I3| + 2 x Separation (I1, I3)     

 
From above it is seen that if Separation (I1, I2) = 

Separation (I1, I3) then                  ≠ 

                 when |I2| |I3|. 

VI. EXPERIMENTAL RESULTS 

A. Dataset description 

For the purpose of experimentation we consider 3 real life 

interval datasets- Car dataset 

(https://lhedjazi.jimdo.com/useful-links), Fish dataset 

(https://lhedjazi.jimdo.com/useful-links), Water dataset 

(http://cpcb.nic.in/data2005.php).   

 The Car dataset consists of 33 samples with 8 interval 

features. The samples are spread across the 4 different 

classes with 10, 8, 8, and 7 samples per class respectively.  

 

 The Fish dataset consists of 12 samples with 13 interval 

features. The samples are spread across 4 different 

classes, each with 4, 2, 4, and 2 samples respectively.  

 

 The water dataset has water quality information from 32 

states of India. It has 1600 samples with 8 interval 

features.  

 
Apart from these real-life data sets, 3 synthetic interval 

data sets are generated online 
(http://www.freedatagenerator.com/csv-data-generator) as 
follows- 

 
 Synthetic Interval Dataset 1: The first synthetic dataset 

generated has 300 samples with 3 interval features and 3 
non-overlapping classes. Each class has 100 samples. For 
each feature, lower and upper values of the intervals are 
generated in the range as shown below- 
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 Synthetic Interval Dataset 2: The second synthetic 

dataset is generated by adding 60 random samples (20 for 
each class) to the first Synthetic Interval Dataset 1. For 
these 60 samples, lower and upper values of the intervals 
are generated in the range as shown below- 

 

 
 
 Synthetic Interval Dataset 3: The third synthetic dataset 

generated has 600 samples with 3 interval features and 3 
overlapping classes. Each class has 200 samples. For each 
feature, lower and upper values of the intervals are 
generated in the range as shown below- 
 

 
 
B. Experimental procedure 

Again, as mentioned earlier one of the applications of 
distance measure is clustering. Thus, to evaluate the 
performance of all the measures (i.e. L1-norm, L2-norm, 
L∞-norm and proposed measure) the popular K-Means 
clustering method has been applied on the 6 interval datasets 
discussed above by using these measures. As we know that 
the K-Means is a numeric data clustering method, so in this 
work K-Means method has been adopted for interval data. 

If there are m interval features then each sample and cluster 
centers can be represented as a hyper-rectangle in 
m-dimensional spaces. Suppose, a cluster C contains n 
samples with m interval features {([   

    
 ], [   

    
 ],…….., 

    
    

 ]), …….. , ([   
    

 ], [   
    

 ],……..,     
    

 ])} and 
(ρ1, ρ2,……, ρm) denotes the cluster representative for the 
cluster C.   

 
Then, ρi (1≤i≤m) can be represented as an interval [  

   
 ],    

where, 

 
                      

 =     
    

       and      
 =     

    
    

 
Again, the distance between a cluster center  ρ and a 

sample I  is calculated as- 

                               D(ρ, I)=              
 
   .  

Here,              denotes the distance between ith 
components of ρ and I and it can be measured using any 
distance measures available for interval data. In this work 
L1-norm, L2-norm, L∞-norm and the proposed measure have 
been used to calculate             . 

The performance of the data clustering is evaluated using 
clustering accuracy. If there are k number of clusters then the 
accuracy R of the clusters are measured as –  

                                       R = 
   

 
   

 
 

Where n is the number of data points in the classified 
dataset and ai is the total number of data points from the 
dominating class in ith cluster. In a cluster, the dominating 
class is that class to which maximum data points in the cluster 
belong to. 

C. Results and Discussion 

In Table 1, Table 2, Table 3 and Table 4 the clustering 
accuracies obtained by the K-means method on the 6 interval 
datasets have been shown. On each dataset, the K-Means has 
been applied by setting the different parameters for K and 
distance measure function. In the distance measure function 
L1-norm, L2-norm, L∞-norm and the proposed measure have 
been used.  In all the tables ‘Max’ denotes the maximum 
accuracy among all values of K.  

 
Table 1: Clustering accuracy of K-Means method on Car 

Dataset 

 
 

Table 2: Clustering accuracy of K-Means method on Fish 

Dataset 
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Table 3: Clustering accuracy of K-Means method on 

Water Dataset 

 
 

Table 4: Accuracy of K-Means method on synthetic 

interval datasets SD1, SD2, SD3. 

 
 

From Table 1, it is seen that on Car dataset, maximum 
accuracy obtained by the K-Means method is 0.76 and it is 
obtained by using proposed distance measure. From Table 2, 
it is seen that on Fish dataset, the maximum accuracy 
obtained by the K-Means method is 0.67. This accuracy is 
obtained by using the measures L1-norm, L2-norm and 
proposed measure. From Table 3, it can be concluded that 
using L1-norm and proposed measure the K-Means method 
gives maximum accuracy 0.41 on the water dataset. On 
synthetic dataset SD1 (Table 4), the L2-norm and proposed 
method give maximum accuracy 1. Again, using the 
proposed measure the K-Means method obtained maximum 
accuracy 0.89 on both SD2 and SD3 datasets (Table 4).  

VI.  CONCLUSION 

In this paper, an analysis of ten desirable properties that 
should be fulfilled by the measures for interval data for 
making it suitable for applications like clustering and 
classification has been done. Also, it has been verified 
whether these properties are satisfied by the existing 
measures- L1-norm, L2-norm, L∞-norm and it is seen that 
none of the measures satisfy all these properties. Thus, a new 
dissimilarity measure for interval data has also been 
proposed which satisfies all the desired properties except the 
triangular inequality. The performance of all the existing 
distance measures are compared with the proposed measure 
by applying well known K-Means algorithm on 6 interval 
datasets. It is seen that proposed measure gives better 
clustering accuracy on most of the datasets. 
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