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Abstract: In Machine Learning, the clustering methods are the 
mains unsupervised methods. Their objectives is to partition a set 
of objects in some homogeneously groups. Clustering methods in 
general and more particularly Hierarchical Ascending Clustering 
(HAC) techniques are based on metrics and ultra-metrics. Metrics 
are used to evaluate the similarities between two objects; and 
ultra-metrics are used to estimate the similarity of two groups or 
the similarity of an element and a group. The main characteristic 
of these metrics and ultra-metrics is the fact that they are only 
adapted to numerical variables or can be reduced to them. With 
the advent of Data Mining and Data Science, most of the datasets 
to be analyzed contain different types of variables. In the same 
dataset, we can find numeric attributes, qualitative variables and 
free text fields very often together.  Despite this diversity of 
variables in the same dataset, the existed clustering methods are 
generally build to use only an unique kind of attribute. In this 
paper, we propose an approach to take account different types of 
attributes in the same clustering method. The method proposed is 
a variant of HAC methods that can take into account both 
numerical, qualitative and textual data. Our approach is based on 
a metric call Phi-Similarity we developed in order to estimate the 
proximity of two objects, each of them is describe by a vector of 
attributes of different types. The developed method will be 
implemented with the scientific computing language R and 
applied to real survey data. A comparison of the results will be 
made with HAC techniques based on classical metrics with the 
Ward criterion as aggregation criteria. For classical algorithms, 
we will limit ourselves to the variables of the database compatible 
with them. This work of comparison will highlight the gain in 
precision in terms of classification brought by our method 
compared to the classic versions of HAC 

Keywords : Hierarchical Ascending Clustering, Phi-similarity, 
R-Language  

 
 
Manuscript published on 30 September 2019 
* Correspondence Author 

Odilon Yapo M. ACHIEPO*, University Péléforo Gon Coulibaly, 
Management Institut Agropastorale - Korhogo, Côte d’Ivoire. Email: 
kingodilon@gmail.com.  

Kouassi Hilaire EDI, University Nangui Abrogoua, Mathematics and 
Computer Science Laboratory - Abidjan, Côte d’Ivoire. Email: 
edi.hilaire@gmail.com 

Behou Gérard N'GUESSAN, Virtual University of Cote d’Ivoire, 

Research and Digital Expertise unit (UREN) Abidjan. Email: 
gerard.nguessan@gmail.com 

Patrice Edoété MENSAH, National Polytechnic institute Felix 
Houphouet Boigny of Yamoussoukro Côte d'Ivoire, Email : 
pemensah@hotmail.com 
 

© The Authors. Published by Blue Eyes Intelligence Engineering and 
Sciences Publication (BEIESP). This is an open access article under the 
CC-BY-NC-ND license http://creativecommons.org/licenses/by-nc-nd/4.0/ 
 

 

I. INTRODUCTION 

LUSTERING is a very important area in Statistics and 
Artificial Intelligence, especially in the field of Machine 

learning and its applications. From a technical point of view, 
the clustering methods are of several types, including 
so-called   hierarchical ascending clustering (HAC) methods. 
This category has the advantage not only of generating a 
visualization of the mechanism of grouping individuals in the 
form of a dendrogram but also, and above all, provide a 
possibility of automatically determining the optimal number 
of groups to perform. HAC methods are based on two 
fundamental criteria: a similarity index and an aggregation 
index ([1]). Regarding the measure of similarity between 
individuals to partition, many measures of "distance" have 
been proposed including the Euclidean distance, the distance 
from Manhattan, the distance from Camberra, etc. For 
aggregation indices, these are metrics that calculate the 
distance between an individual and a class or between two 
classes without having to recalculate those between the 
individuals making up the classes. There are a large number 
of which the best known are the distance of the minimum 
jump, the distance of the maximum jump and the distance of 
the inertia (criterion of Ward). The algorithm of the HAC is 
based on the initial situation where each individual of E 
constitutes a group all by itself. Then to group individuals 
according to their proximities until we obtain a situation in 
which all individuals form one and the same class.   

II. ALGORITHMIC ASPECT OF THE HAC 

 
The HAC is a purely algorithmic procedure based on a 
principle of proximity enhancement between individuals ([2]). 
For a more technical presentation of this algorithm, let's ask: 
 
 , the set of individuals described by a set   of 

variables  
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 Algorithm 1: Algorithm of HAC methods 

1) Entry :    
2) Take each couple with  with   
3) For each couple  to do 

a) If   and   so 
         Calculate  
If not 
         Calculate  
End if 

b) Conserve the results  or  calculated 
4) Group the couples   the closest in a new class  
5) Take back from 3) until you get a single class  
6) Output : The three of  successive groupings  until   

 
 

 , all parts of   
 , a distance between individuals defined on  
 , an aggregation index associated with the distance  
 On the basis of these notations, the HAC algorithm can be  
described as follows: 
However, it is easy to see that classical clustering methods 
require that individuals be described by essentially numerical 
variables. They cannot be used outside this frame; which is a 
very serious limit because, in the current databases, the 
presence of qualitative and especially textual fields becomes  
 

 
the norm. Therefore, this article proposes to extend HAC 
methods to take into account these various types of data. The 
main difficulty would be to find an appropriate metric for the 
use of different types of data. The main difficulty would be to 
find an appropriate metric for the use of different types of 
data. This limit finds its solution in the Phi-Distance that we 
propose.  

III.  PHI-SIMILARITY AND PHI-DISTANCE 

Many existing methods for making typologies 
(k-means, k-meloid, hierarchical clustering, etc.) are based on 
metrics ([3]). However, in the literature, the similarity 
measures used do not take into account the textual data. In 
addition, the approaches used for qualitative data are most 
often related to simple counts of individuals that may not be 
statistically meaningful. To do this, it seemed sensible to 
propose a more appropriate index of similarity. That is why 
this article proposes a metric able to take into account these 
three types of data simultaneously. 
Thus, the proposed similarity index is developed respecting 
the mathematical properties required for a similarity measure 
([5]); in particular the symmetry and the nullity for an 
individual in relation to himself. 

IV. BASIC MATHEMATICAL NOTATION 

Consider the following mathematical notation:   
  ,  

 the set of S criteria (variables) taken into account in the 
evaluation of the proximities between the different 
individuals  

  the set of   numerical criteria among all the criteria 
taken into account in the evaluation of the proximities 
between the different individuals   

  the set of  categorical criteria among all the criteria 
taken into account in the assessment of proximities 
between different individuals  

  the set of textual criteria among all the criteria taken 
into account in the evaluation of the proximities between 
the different individuals  

 
       First of all, we can write that 

       And we have    
. 

Then, if we note  and  two individuals described by 
the criteria considered, and if we note  measuring 
the similarity between these two individuals and     a 
rewrite of  , we have :  
 

 

 

 

 

 
The functions , ,  designate distances between two 
vectors of respectively numerical, qualitative and textual 
variables. They apply to every uniform part of the vector 
describing an individual.As to the function , it means the 
final mathematical expression of the similarity measure 
(Phi-distance)  

V. THE FUNCTION  BETWEEN TWO DIGITAL VECTORS 

 being a distance between two digital vectors, it seems 
natural to define it using a Minkowski distance. Therefore, in 
general, we have: 
 

 .  

In practice, we can limit ourselves to  which 
corresponds to the Euclidean distance. Thus, we will take as 
distance between the numerical variables, the function 
defined by: 
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VI. THE FUNCTION  BETWEEN TWO VECTORS OF 

QUALITATIVE VARIABLES 

 Being a distance between two vectors of qualitative 
variables, it seems natural to consider the number of common 
modalities between individuals as a basis for constructing the 
metric. However, it must be taken into account that there are 
several qualitative variables. If we note  the modality of 
the variable  taken by the individual , the difference in 
modality between individuals  and  relatively to the 
variable  is given by: 
 

 

  The metric  is defined by:  

 

VII. THE FUNCTION  BETWEEN TWO TEXTUAL DATA 

VECTORS 

The function  is a distance between two vectors of textual 
variables. To define it, we will consider the distance called 
« cosine distance ». Since several textual variables are used, 
we propose to construct a cosine distance per variable then, to 
sum their sum weighted by the relative weight of each textual 
variable relative to the sequences of common words (to a 
corrective factor close).  

,  we note  and  the corpora of the 
textual variable corresponding respectively to individuals 

 and  obtained from the same sequence of linguistic 
operations, in particular the same operation of segmentation 
of texts (tokenization). We recommend text lowercase 
operations, clearing blanks, deleting numeric values, 
removing punctuation, removing blank words, and word 
tokenization. Once the tokenization is done, the set of words 
of  common to individuals  and  is given 
by .  

We note  a term (word) encountered term   

time in  and  time in . The number of times the 

term  is met in  is . The cosine 

distance is défined by :   

 

Considering the weights ,  

we obtain: 

 

VIII. THE FUNCTION  OF GLOBAL SIMILARITY 

The measures ,  and  are distances. To deduce a 
measure of similarity, we will use a polynomial interpolation 

of Lagrange on the interval . Indeed, let's note ,  and 

 standardized values of ,  and . So we have 

 with  and 

posing , we have by 

construction .  
 
We want to build the function   that , 

 ,  ,  and . 

So we have in the plan a set of 5 points  which is 

the whole of 

. The 

Lagrange polynomial associated with each pair  is 

given by    , which allows to obtain: 

 

 
If we conform to the defined notations, we can take as a 
measure of global similarity, the quantity defined by:  

  
  The index of similarity as defined is decreasing with the 
level of dissimilarity of individuals, reflexive, symmetric and 
bounded between 0and 100. Its projection on the interval [0, 
1] defines the Phi-distance. 
 

 Algorithm 2 : Algorithm for calculating Phi-similarity 

1) Entrance :    
2) Calculate    
3) Calculate      
4) Calculate      

5) Calculate      

6) Exit :  

   

IX. THE ALGORITHM FOR CALCULATING THE 

PHI-SIMILARITY MATRIX 

In most methods using similarity indices, the aim is to 
evaluate the similarities between several individuals, which 
amounts to calculating the distances between all the possible 
pairs of individuals considered in the form of a matrix of 
similarities. Noting , the set of individuals considered, the 
algorithm for calculating the Phi-similarity matrix between 
several individuals is as follows: 

X. THE MUTHAC ALGORITHM 

The MuTHAC algorithm a particular version of the HAC 
algorithm. It uses Phi-distance and associated aggregation 
criteria to extend it to qualitative and textual variables. For a 
more technical presentation of this method, consider the 
following notations: 
 
 , The set of individuals described by a set of  

variables  
, All parts of  
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 , The function between two digital vectors used in 
Phi-similarity 

 
 , The function between two qualitative vectors used in 

Phi-similarity 
 , The function between two textual data used in 

Phi-similarity 
 , an aggregation index associated with  
 , an aggregation index associated with   

 , an aggregation index associated with   
 On the basis of these notation, 
The MuTHAC algorithm is as follows:  

 
 

Table 1 : Description of database 
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XI.  PRETREATMENT OF VARIABLES 

The database contains both classic variables (quantitative and 
qualitative) as well as text variables (open questions). The use 
of such a database with both classical variables (quantitative 
and qualitative) and textual variables in classical data analysis 
procedures (factor analysis, clustering) is impossible. Indeed, 
only quantitative and qualitative variables can be exploited in 
classical algorithms. However, such textual data are very 
common in large-scale statistical surveys. And although these 

data are collected, their level of exploitation is almost null. 
Hence the interest of our approach which consists in 
systematically taking into account the textual data collected at 
the individual level in the classical methods of clustering. To 
do this, the raw database is subjected to a preprocessing 
procedure. The purpose of this procedure is to label 
non-numeric variables with more than 10 different responses 
as textual and to handle any missing values. The 
preprocessing procedure used is described as follows: 

 

 

Fig 1 : Preprocessing variables flow chart 
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13.  Application Results 
All simulations were performed using the programming 
language R ([6], [8]). The results obtained with our method 
are compared with those 
 

obtained using classical metrics ([4)]. The performance of the 
clustering is measured with the Dunn index and connectivity. 
The results of the calculations are recorded in the following 
table:  

Table 2 : Results simulation with R 

Performance 
Indicator 

Metric 
Nomber of clusters Nomber of 

optimal 
clusters  

K=2 K=3 K=4 K=5 

Dunn Index 

PhiDist 0,61* 0,64* 0,63* 0,66* K=2 
Euclidean 0,05 0,02 0,03 0,01 K=5 
Maximum 0,05 0,08 0,02 0,01 K=5 
Manhattan 0,02 0,02 0,03 0,00 K=5 
Canberra 0,25 0,25 0,25 0,23 K=5 

Connectivity 
(5 first neighbors) 

 

PhiDist 30,08* 34,60* 42,15 50,97 K=5 
Euclidean 7,00 19,77 26,00 40,80 K=5 
Maximum 6,36 12,44 30,95 42,59 K=5 
Manhattan 11,98 19,12 25,48 36,79 K=5 
Canberra 16,52 28,78 43,18* 64,00* K=5 

 
*High Value 
The results show that, whatever the metric used, the best score 
is that in 5 classes. The Dunn index is a measure of 
homogeneity of partitions, the higher it is, the better the score 
is. The results of the simulations show that our metric, 
Phi-distance, always produces the best partitions in terms of 
homogeneity, compared to the majority of the classical 
distances used. As far as connectivity is concerned, it 
measures the encroachment of classes on each other. The 
result obtained with Phi-distance is mixed, especially with the 
distance from Canberra. If we stick to the best partition, 
namely class partitioning, we see that the Phi distance 
produces a level of connectivity that is not as good as the 
Euclidean distance, the distance of the maximum jump and 
the distance from Manhattan; but better than the distance from 
Canberra. This metric is therefore halfway between high 
connectivity and low connectivity methods. Thus, taking into 
account the qualitative and textual variables makes it possible 
to obtain a compromise in terms of connectivity which results 
in a very high level of performance in terms of homogeneity 
of the partitions with respect to all the classical distances that 
do not exist operate only on quantitative variables. 

XII. CONCLUSION 

This article proposes an clustering method that takes into 
account quantitative, qualitative and textual variables. This 
algorithm is a particular version of the ascending hierarchical 
clustering method. The main interest of this article is to extend 
the possibilities of clustering analysis on the many 
non-uniform attributes datasets we found in the research, 
industry and professional services. The simultaneous taking 
into account variables of different types is made through the 
definition of a metric called Phi-distance.  This metric is 
general and can be use in many methods out of the clustering 
domain. The developed method is use on a and simulations 
are carried out with the R programming language. The real 
data used is from the Ivory Coast Living Standards Survey in 
2015, yielded satisfactory results. These calculations have 
shown that Phi-distance we proposed, always produces the 
best partitions in terms of homogeneity, compared to the 

majority of the classical distances used. This exceptional 
performance measured by the Dunn index is obtained at the 
cost of less good connectivity than the scores obtained with 
the Euclidean distance, the distance of the maximum jump 
and the distance from Manhattan, however the degree of 
connectivity obtained by the Phi-distance remains better than 
that obtained with the distance of Canberra. 
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