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Two Species Commensalism Model with
Harvesting by Homotopy Analysis Method
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Abstract: In the present investigation a two species
commensalism model was taken up for detailed analytical study in
which commensal species was harvested at a rate proportional to
its strength. The system under investigation was represented by a
coupled non linear ordinary differential equations. The series
solution of the non-linear system was approximated by Homotopy
Analysis Method.
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I. INTRODUCTION

Commensalism, in science, a connection between
people of two species wherein one animal categories gets
sustenance or different advantages from the other without
either hurting or profiting the last mentioned. The
commensal—the species that advantages from the
affiliation—may get supplements, sanctuary, backing, or
motion from the host species, which is unaffected. The
commensal connection is regularly between a bigger host and
a littler commensal. The host creature is basically unaltered
by the association, while the commensal species may indicate
extraordinary morphological adjustment. This relationship
can be appeared differently in relation to mutualism, in which
the two species advantage.

Extraordinary compared to other known instances of
a commensal is the remora (family Echineidae) that rides
appended to sharks and different fishes. Remoras have
developed on the highest point of their heads a level oval
sucking circle structure that holds fast to the groups of their
hosts. The two remoras and pilot fishesfeed on the remains of
their hosts' suppers. Different instances of commensals
incorporate feathered creature species, for example, the
extraordinary egret (Ardea alba), that feed on creepy crawlies
turned up by touching warm blooded creatures or on
soilorganisms worked up by furrowing. Different gnawing
lice, insects, and mite fliesare commensals in that they feed
innocuously on the quills of feathered creatures and on
sloughed-off pieces of skin from well evolved creatures.
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ﬁg 1. Exarﬁpxl»e o

In this section a two animal varieties Commensalism model

with constrained assets for both the species was taken up for
scientific examination. The model is spoken to by coupled
non-straight  standard  differential ~ conditions.  The
arrangement of the non-straight framework is approximated
by Homotopy Analysis Method. Symbioses are an expansive
class of connections among creatures commensalism includes
one living being is profited by another with no positive or
negative advantage for itself.
Ever since research in the discipline of theoretical ecology
was initiated by Lotka[1] and Voltera [2]. Later on many
mathematicians and ecologists contributed to the growth of
this area as reported in the treaties of Meyer [3], Cushing [4]
and Kapur [5 & 6]. B. Ravindra Redyy. Et al. [7] discussed
the Global Stability of Two Mutually Interacting Species with
Limited Resources for both the Species. Lakshmi Narayan et
al. [8] investigated prey-predator ecological models with a
partial cover for the prey and alternative food for predator and
Time Delay. Paparao. A. V. et al. [9] studied three species
ecological models with time delay. Kondala Rao. K. et Al
[12, 13 & 14] discussed “Stability analysis of dynamical
system with ammensal relationship between three species
with limited resources”. K. Shivareddy. et al.[10] investigated
the three species Eco System Consisting Prey and two
prediator. Lakshmi Narayan. K. et al.[11] discussed ‘Time
Delayed Commensallyism Model. Xiangdong Xiea et al [15]
identified Dynamic behaviors of two species amensalism
model with a cover for the first species. Liang Zhao. et al, [16]
investigated Dynamic Behavior of a Commensalism Model
with Nonmonotonic ~ Functional Response  and
Density-Dependent Birth Rates.

Il. MATHEMATICAL MODEL

The governing equations of the system are as follows

% = &, (L— K)X(t) - X () + aX(H) y ()

d
d—‘t’ = a,y(t) — Y2 (1)
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A. Solutions as Polynomials of the model (2.1) by HAM
Consider the nonlinear differential equation (2.1)

with initial conditions X, and y, . The solutions x(t),y(t) can be

expressed by following set of base functions in the form

x(t) =S a t", y(t)y=> bt (2.A1)

Where a,,, by, are coefficients to be determined.
Choose the linear operator and non-linear operators are
denoted as follows.

LI p)l= dx(t P) Lyt p)l= dy(t P) 2.A2)

LI o= (C:t, p)_al( k)x(6 p)+a”11 —aX( Sgy%t p%)
2.A3)

L [y(t, p)]—Ltp) a,y(t; p) +a,, Y2 (t; p) (2.A.4)

The zero order deformation equation can be constructed using
the above definition.

A= P)LIX(t P) =%, ()] = phN[X, y],
A= PLLy(t p) — Y, (O] = ph,N[x, y],
When p=0 and p=1, from the zero-deformation equations one
has,

X(t;0) = %, (t) x(t;1) = x(t)

(2.A5)

y(t;0) =y, (1) y(t:D) =y(t) (2.A.6)
And expanding x(t;p) and y(t;p) in Taylors series, with respect

to embedding parameter p, one obtains given by
X(t; p) = %, () + > %, (Hp™ (2.A7)
m=1
Y(t: P) = Yo(t) + > ¥, ()P"
m=1
1 d™x(t; 1 d™y(t;
xo =1 SRy g LA
MR b T M e o AR
X (1) = % () + 3 %0 (D) (2.A.9)

p=1 "
Yo (1) = Yo (1) + Z Yo ()

Define the vector
Ry = [Xo (1), %, (1), -0 X ()]
(2.A.10)

n =[Yo () 1 (D), .Y (]

And apply the procedure stated before. The following
m™-order deformation Equations will be achieved.

Li[xm (t) - /mem—l(t)] = ﬁHl(t)le ()—( m-1" ym—l)l (2All)
L1[ym (t) - Zm ym—l(t)] = IT]ZHZ (t) R 2m (X m-17 y m—l)’
Letus consider H (t)=H,(t)=1 and the initial

The solution of m™ order deformation equation is given by
form>1

X1,m (t) = mei,m—l(t) + hL71 I:Rl,m(xm—l ’ y m—l):l
yl,m (t) = Zm yl,m—l(t) + hLﬁl I:R 2,m(X m-1"? ym—l):l

oom<1

and _J7 '

Am {1, m>1.

The analytic solution of the model (2.1) using polynomial
base function can be expressed as

X(®) = > a, (", y(©) = >b,, ("

(2.A.13)

First approximation for the model (2.1) is given by

L (%,(0) = 2% () = h[ =2, (L= k)X, (1) + 21,5 (1) — 2, %, (0) Yo 1) |
X (1) = h[ —a,A—K)X, + e, %5 — %Y, |t

%, (t) = hk;t

L (Y. — Yo () =h[ —a,y, () + a,, Y5 (t) |

i (t) = h[ —a,yo + a0, ¥ |t

y, (t) = hk,t

(2.A.15)
where

k=] —a, A= k)X, + 216 — 2, %Y,s |
(2.A.16)
k, =[-a,y, +ay, yg]

The following second approximations for the system (2.1) is
L0600~ X001 S 10-80-KR0 1005 X000 55 00,0

X, (t) = (hkt + h?kt +1,h?t?)

Li(yz(t) _/1'2Y1(t)) = h[% yl(t) _azyl(t) "'szzrgéJ Yn (t)y17n(t):|

Y, (t) = (hk,t + h%k,t +1,h*t?)
where

I, = [_71 a (L-K)k, + X,k — yoa1zk1 =X alzkz}
(2.A.17)
The third approximations for system (2.1) is given by
L (60 2%,0) = h{% 0=k (00, 5 x, 0%, (0-a m(t)m(t)}

X5 () = hkt + thklt + 2|1|'12t2 + hsklt + 2|1|’]3t2 + m1h3‘t3
d
Ll(ya(t) —X3Y2 (t)) = h|:dt y, (t)—a,y, (t)+ azzé AQ. (t):‘

conditions X,(t)=x(t=0)=x, Y,({t)=y(t=0)=y, in above
equations - . v, (t) = hk,t + 2h2k,t + 21,h%t? + hk,t + 21,h%? + m,h%®
Rim(xm 1 Ym 1) (m 1)' dpm om1 N[X(t P)] Xin- l(t)_ai(l_k)x""ﬁa“nzl‘x" (t)xman(t)
7a12'"271X" O Yn-na(t) where
n=0
1 d m-1 d m

RZm(Xm—lr ym—l) = m dpm,l N[y(t, p)] = a ym—l(t) - azym—l + azZnZ:l: yn (t) Ym—n—l(t)

(2.A.12)
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-1 2 1 1 1 1
m, = {? a (1=Kl +§ Xoal; + gauklz 73 Yooty 3 Xl _§a12k1k2:|

(2.A.18)
—1 2 1
m, = [ 3 al, +— YOazzlz + 5 3 azzkzz:l

The two terms apprOX|mat|on to the solution will be
considered as

X(t) = X, + X, (t) + X, (t) (2.A.19)
y() = Yo + ¥, (1) + Y, (1)
X(t) = X, + 2k ht + k h’t +1,h°t? (2.A.20)

y(t) = y, + 2k,ht +k,h’t +1 h°t*
The three terms approximation to the solution will be
considered as

X() = X, + % (1) + %, (1) + %5 (1)
Y(©) = Yo + Y1 (1) + Y, (1) + (1)
X(t) = x, +3hkt +3k h’t + 3L h’t* + k h’t + 2L h't* + mh't®
y(t) =y, +3hk t+3k h’t +3,h’t* + k h’t + 2L h°t* + m h't®

(2.A.21)

B. HAM Solutions as Polynomial function of the model
(2.1) for different auxiliary parameter h, (for i=1,2):

By choosing the different auxiliary parameter values
of h; (i =1,2), with initial conditions, linear operator are
described by equations (2.A.2) to (2.A.4)

The solution of m™ order deformation equation is given by for
m>1

Xy ®) = ZnXema () + D[Ry (Kia s Yamoa) |

Yim(®) = ZnYima®) +h, L I:R 2m (Xt y1,m71)]by

and _JOom=1, (2.B.1)
Am =11 m>1.

The analytic solution of the model (2.1) is expressed as
x(t) = ioamt"‘, y(t) = fbmtm (2.B.2)
First appn;zlximation for themrr:11()del (2.1) is given by

L (% ()= 2%(1)) =y [ 8, (1K) (1) + 2, %] (1)~ 2, X (1) Yo 1) |

X (1) = h [ —a, (L—K)X, + 0, X5 — .%o Yo |t

L (Y2 () — 2 Y6 () =y [ 8, Yo (1) + a5, Y5 (O |
y,t)=h, [—az Yo + Oy Y ]t

The following second approximations for the system (2.1) is
given by

Ll(xza)—zle(t)):n[

_a12X0y0:|t
—5,Y, ) (—a,(1—Kk) +2ay,%,
—hya, ( a,Y,(t) +a22yg(t))

X, () = (hy +h?) [ —a, = K)X, + 4, %¢
h1X0 |:h1( a,(1- k)+0{11

L (%,(® — 2.%:(®) =h, [d

z yo( (284)

y,(t)=(h,+ hzz)[*az% Ty yg} a; —38,, Y, +2a3,Yg )

The third approximations for system (2.1) is given by

L 40~ 29%(0)=h $10-80-1060 40, £ 0.0 -2 S 1,000
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X, () = @+ ) (h, + h?)kgt
[ a, (LK), (h, +h7)k, + 2, %, (h, +h)khy —hia, X0k }
he, Yo ( h1+h1)k1)

h1(1+ hl)kz _Eai(l_ k)h12k2 + hlauxokz +%a11h13k12 t3
a,,h?h =
a12h1X K, *l[(hlzhlhzzz) K.k, +%a12yokzj :

L ( AURFAA (t)) =h, |:C|t Y, (1) —a,Y, (1) + oy, é Y. ()Y, , (t):|

t2

—a,h,k; +2h,kyaxy, YO]T

n Olzzhz?’ka‘2 i
(h, +h3)?* )| °

(2.B.5)

Y3(t) = (1+ hz)k3t +[(1+ hz)k4

+ |:(_; a,h,k, +h,a,,k, Y,

where
hl(1+|fl_|_)k2_7a1(1 K)h?k, +hag XK, + 5 allhlkl

o h
alzhlxok -3 [(hmhlhzz) kiKs + % ay, YoK, ]
>

p. =

a22h§k§
(h, +h})?

k, = [_a:l_(l_ K)X, + 05, %5 — alzxo)/o]

k= thXO[hl (2, (=K)+ X — 0, Yo ) (-2, (1K) + 20, % — o) ~ et (_azyo +aYo )}
ks =(h, + hz)l:_azyo + azzyg]

hy, YO

P, = [_;azhzkzt +hyo,K, Y, +

k, = |:(a —3a,a,, Y, + 202, Ve )] (2.B.6)

The second order approximation to the solution will be given

X(1) = % + %0 +%, (1) y(O) = Yo+ (1) +Y,(t)

_ 2 t? (2.B.7)
X, (1) = %o +[ 2hy +h? [kt +1, >

t
Yi(D) = Yo +[ 2h, + hZ [kt +1, —

The third order approximation to the solution will be
considered as

X() = X, + X, () + X, (£) + X, (t)

yt) = Yot y1(t) +Y, O+ y3(t)

X(t) = X +[ 30 +3h7 + b Jkt+ (1, +ml)ﬁ+E

3

y(t) =y, +| 3h, +3n2 +h [kt + (1, +m)
o+ J 273 P (2.B.8)
Convergence region can be determined by using
h-curves and the accuracy of the analytical solution can be
improved by finding higher order approximations. Using
h-curves, valid regions of a convergent series solution can be

stilts are more accurate.

_alzyop{termined, by increasing the order of approximation the
r

I1l. SIMULATION RESULTS

xample : Xo=5; yo=10; a;=5; a,=5; X11=0.10; X»,=0.90;
X12=0.80;
h- curves for the system of equations (2.1) via polynomial

base functions
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Fig. 3.2: h-curve of model third order

The Fig. 3.1 shows the h-curve of second order
approximation for the system of equations (2.1). The valid

region of h, is —0.5<h<0.2 , where the series
approximation solutions are convergent.

The Fig. 3.2 shows the h-curve of model (2.1) of
third order approximation, the wvalid region of h,
corresponding to the line segments parallel to the horizontal
axis. Convergence region is —1<h <1.2, where the series
approximation solutions are convergent.

From the above example the region of convergence
is improved by third order approximation, so accuracy can be
improved by increasing the order of approximations.

Fig.3.4

The solution curve can be obtained by fixing an
auxiliary parameter ‘h’ for the above mentioned parametric
values in example 1.

Fig. 3.3 & 3.4 shows the variation of speciesl and
species2 of second and third order HAM approximations
respectively.

t-curves are plotted for the above mentioned
parametric values for the model (2.1) .The t-curve are
population curves over time.
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Fig. 3.5: Variation of Commensal and Species 2 with
respect to time (t)

The Fig. 2.5.5 shows the t-curves with respect to
time from the above Fig,2.55 the initial population of speciesl
increases due to commensal effect

——— species1

species2

population

o 0.5 1 1.5 2 2.5 3 35 4 a5 5
Fig 3.6

Fig. 3.6: Varition on commensal and Species with
respective time (t) for third order HAM solution:

From the above example it is evident that the
efficiency is increased by finding higher order terms. Clearly
the population of speciesl increases from the equilibrium
point

IV. CONCLUSION

In this chapter a two species commensalism model
with limited resources for both the species was taken up for
analytic study. The series solutions of this model are obtained
by Homotopy analysis method by taking polynomial as base
function. The convergence region is identified by h-curves.
The solution curves of this model are discussed by t-curves.
The h-curves and t-curves of Second and third order HAM
series solutions are derived and found that the higher order
HAM solutions are improve the efficiency of the model it
clearly supported by numerical examples.
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