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 

Abstract: In the report, the optimal design problem of flat steel 
frame structure in the deformed state is considered, considering 
the softness of “the beam-column connection pinned” with “the 
moments-rotation angle relationship of the connection” is 
nonlinear, linearized by three straight lines, the material of the 
structure is elastic – plastic material in ideal state and considering 
the P-Delta effect. Establish and solve the problem of flat steel 
frame structure in the form of nonlinear planning and solve the 
problem thanks to MATLAB 6.0 programming language. Create 
a specialized program to optimize the steel frame structure, the 
results illustrate the effect of bonding softness and P-Delta effect 
on the weight of steel frame structure. 

Keywords:  Steel frame structure, optimal, soft connection, 
P-Delta effect 

I. INTRODUCTION 

The problem of optimal design of steel frame structure is to 
find out the distribution of a reasonable cross section of beam 
and column components in the frame, this issue is necessary 
and has been interested by many domestic and foreign 
authors. Different problem approaches with the assumption of 
elastic materials, connection between beams with columns are 
ideal or absolutely rigid joints. In addition, empirical studies 
on beam-column links in the framework show that they have a 
certain degree of softness, called soft bonds with the 
relationship between moments - the rotation angle of the 
connection pinned is nonlinear. An optimal approach to 
designing a flat steel frame structure with nonlinear soft links 
has also been mentioned recently. However, because steel 
materials have high intensity and deformation of steel frame 
structure is often larger than the section using concrete 
materials, deformation of the structure will give rise to 
bending moments and increase internal force - displacement 
of frame structure compared to the calculation based on the 
original geometry of the system. The US steel structure design 
standards (AISC, ACI), Europe (EC) have also detailed 
regulations on how to calculate the steel frame structure 
including the P-Delta effect for bracing frames and frames 
without bracing, but also limited to column-beam connection 
is ideal or absolute stiffness. 
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This shows that the effect of the P-Delta effect on steel frame 
structure with beam-column connection has a certain softness 
that is practical, to better reflect the work of frame structure 
and find. It is necessary to have a reasonable distribution of 
cross-sectional beams. 

A.  Soft connection model, bar element model 

Soft bonding modeling in the beam-column connection 
pinned by a spring for angular displacement, as shown in Fig. 
1a. The bar element model is made up of three absolute 
segments, hard-beam-rigid segments and linked together by 
springs for angular displacement, Timoshenko beam 
elements, which are called super elements, as in Fig. 1b.  
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Fig. 1. (a) soft connection model và (b) bar element model 

B.  Characteristic lines of soft connection and bar materials 

The characteristic line of the connection (M-) is a curve, 
linearization according to Eurocode 3 (1992) design standard 
is bilinear or triplicate, here is chosen as the 
three-dimensional linearity line as shown in Fig. 2.a. One 
approach to the problem mentioned by the author here is to 
consider the actual behavior of both materials and structures, 
considering the materials for working in three straight lines, 
Fig. 2b. and beam-column connection softness with the 
relationship between moments and rotation angle of the 
connection pinned is nonlinear, the curve is linearized in 
segments, as shown in Fig. 2a. 

 
Fig 2. (a) Characteristic lines of soft connection and (b) bar 
materials 
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II. THEORY 

A.  The oscillation equation of the structure: 

Construction structures are usually super-static systems. 
When the load is small, the material works within the elastic 
limit. If the load continues to increase, then the material works 
beyond the elastic limit, that is, at points called danger (point, 
where the allowable stress can be exceeded) always occurs 
Show ("open") and disappear ("close") plastic joints. At that 
time, the movement equation of the structure was rewritten in 
the form, according to Nguyen Hong Son, Vo Thanh Luong 
(2010): 
 

m   u  u +c   u  u +k   u  u = p(t)    (1) 

 

where: the matrices [m]   u , [c]   u  và [k]   u , 

respectively, the mass matrix, the drag matrix and the stiffness 
matrix of the whole structure, are all dependent on the 

displacement vector   u .  

B.  Typical matrices in oscillation equations 

1) Typical matrices of elastic rods and plastic bars have soft 
connections: 
- Mass matrix [m] and stiffness matrix [k] of the whole 
structure are constructed from mass matrices and stiffness 
matrices of elements. The creation of characteristic matrices 
of bar elements with soft connection at both ends, a spring 
model for angle displacement, including stiffness matrix [K]e 
and mass matrix [M]e and load pinned vector [F]e, has been 
developed and presented by other authors in other documents, 
according to Son N.H (2006). 

- The stiffness matrix  
e

K  of elements considering the 

influence of vertical force N can be written in the form, 
according to IU Nhemtrin. I. (1980): 

     
e e e

M N
K K K                                               (2) 

Where:  

 
e

M
K  is the stiffness matrix due to the influence of the 

moment of elastic rods and flexible plastic bars with soft 
connection, according to Son.N.H (2006); 

 
e

N
K  is the stiffness matrix due to the influence of 

vertical force N (geometric stiffness matrix), according to 
Son.N.H (2012). 

[c]  Matrix is plagued by assuming that the linear combination 

of the mass matrix [m] and the stiffness matrix [k] of the 
system, according to Bathe (1976). 
2) The geometrical stiffness matrices of elastic bars and 
plastic bars have soft connections: 

Matrix stiffness geometry elastic bending bar element 

 
e

N
K , with two soft link ends, was developed and presented 

by the author in the document, Son.N.H (2006), in the form: 

  
e

N
K

* * * *
22.N 23.N 25.N 26.N

* * *
33.N 35.N 36.N

* *
55.N 56.N

*
66.N

k k k k

k k k
N

k k

sym k

 
 
 
 
 
  

,                                                                               (3) 

where:  

N - Vertical force on a long unit, assumed along the constant 
longitudinal bar length;  

*
ij.Nk  (i,j =2, 3, 5 và 6) are elements in the geometric stiffness 

matrix, defined by the formula: 
*
ij.Nk

L
' '
i j

0

v (x)v (x)dx  ,                                                                                                         

(4) 
with v’i(x), v’j(x) are the first derivative according to the 
variable x the equation functions of the form of bar elements 
with elastic bonds.  

After performing the calculation (4), we get the elements of 
the bar geometry stiffness matrix with elastic bonds at both 
ends.: 

      
   

2 2 1 1 2 2 1 2 2
*
22.N 2

1 2 1 2 1 2

* *
25.N 55.N

1 i k 7 16ik 8ik k 2 5ik 2 3ik k 7 2ik 21 40ik6
k

5L 1 4i k k 3ik k 1 ik ik

k k

        

     

          
   


      
 

  

 
        

   

2 2 1 2 2 2 1 2 2
*
23.N 2

1 2 1 2 1 2

*
35.N

1 4i 2k 1 4ik k 1 7ik 5 1 ik 5 8ik ik 5 4ik 5 6ik1
k

10 1 4i k k 3ik k 1 ik ik

k

        

     

             
   


      
 

 

 
        

   

1 1 2 1 1 1 2 1 1
*
26.N 2

1 2 1 2 1 2

*
56.N

1 4i 2k 1 4ik k 1 7ik 5 1 ik 5 8ik ik 5 4ik 5 6ik1
k

10 1 4i k k 3ik k 1 ik ik

k

        

     

             
   


      
 

 

 

     

   

2
2 2 2 2 2*

33.N 2

1 2 1 2 1 2

4 12ik 3 8ik 5 1 6ik 10 1 3ik 1 ikL
k

30 1 4i k k 3ik k 1 ik ik

    

     

         
 


      
 

 
     

   

2
1 2 1 2 1 2 1 2 1 2*

36.N 2

1 2 1 2 1 2

1 12i k k 7ik k 5 1 3i k k 5 1 3i k k 2ik kL
k

30 1 4i k k 3ik k 1 ik ik

         

     

              
   

 
      
 

 

     

   

2
1 1 1 1 1*

66.N 2

1 2 1 2 1 2

4 12ik 3 8ik 5 1 6ik 10 1 3ik 1 ikL
k

30 1 4i k k 3ik k 1 ik ik

    

     

         
 


      
 

                                   

(5) 

In that formula: 
*
ijk  (i,j = 2, 3, 5, 6) - elements of the 

stiffness matrix of the bar element bend two elastic link ends 
in the local coordinate system;  - The coefficient refers to 
the effect of sliding deformation; i - Unit hardness of bar 
element, i=EI/L; 

Geometric stiffness matrix of plastic rod element  
e

N
K , 

make through elastic bar stiffness matrix by changing 
connection softness 1k = or 2k = into the geometric 

stiffness matrix of the elastic rod element, then eliminating the 
infinity / infinity form, we obtain the geometric stiffness 
matrices of the plastic rod, corresponding to the first 1 is the 
joint, the 2 soft links the first 2 is the joint, the first 1 is the soft 
link. The plastic stiffness matrix matrices including the effect 
of sliding deformation are shown below. 

With the bar element with the first ends is connection joint, 
the second is elastic connection: 
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 

 

2 2* * *
22.N 25.N 55.N2

2

8 2 5ik 2 3ik6
k k k

5L 4 1 3ik

 



  
 

   
  
 

 

                   
 

 

2* *
26.N 56.N2

2

32 40 1 3ik1
k k

10 4 1 3ik





  
  

  
 

 

                  
 

*
66.N 2

2

L 96 30
k

30 4 1 3ik

 


  
 

   

           * * * *
23.N 33.N 35.N 36.Nk k k k 0                        (6) 

With the bar has the second ends is joint connection, the 
first is the elastic connection: 

 

 

1 1* * *
22.N 25.N 55.N2

1

8 2 5ik 2 3ik6
k k k

5L 4 1 3ik

 



  
 

   
  
 

; 

 

 

1* *
23.N 35.N2

1

32 40 1 3ik1
k k

10 4 1 3ik





  
  

  
 

; 

 
*
33.N 2

1

L 96 30
k

30 4 1 3ik

 


  
 

; 

          * * * *
26.N 36.N 56.N 66.Nk k k k 0                       (7) 

3) The geometric stiffness matrices of plastic bars for 
special connection cases. 

In the case, the link at both ends of the rod is absolutely 
rigid, regardless of the effect of the sliding deformation. Then, 
in turn, change 1k =0, 2k =0 and =0 into (5) and arrange the 

elements according to (3), we get the elastic stiffness matrix 
of the elastic element element: 

*
e.NK

2 2

2

36 3L 36 3L

4L 3L LN

30L 36 3L

sym 4L

 
 

  
 
 
  

                 (8) 

 In the case, the connection at one end of the rod is 
absolutely rigid, regardless of the effect of the sliding 
deformation. Then, in turn, change the link softness value 

1k =0 or 2k =0 and =0 into the elements in the matrix (2) 

and arrange them in order: 
With the bar element with the first ends is connection joint, 

the second is fixed connection: 

*
e.NK

2

36 0 36 6L

0 0 0N

30L 36 6L

sym 6L

 
 
 
 
 
  

             (9) 

With the bar element with the second ends is connection 
joint, the first is fixed connection: 

*
e.NK

2

36 6L 36 0

6L 6L 0N

30L 36 0

sym 0

 
 

 
 
 
  

             (10) 

In case of bar with tension, compresstion: 

*
e.NK  

30 30N

30 3030L

 
  

 
                  (11) 

C. Solve the equation of motion of the structure 

Calculations to assess the technical state of the structure in 
the case that the bar element is soft-connection to the ideal 
elastic material is not easy because it has to solve the 
nonlinear equation (1). This can be done with the direct 
integration method Newmark combined with the 
Newton-Raphson iteration method, in the result of receiving 
stress contours (  and  ), according to Vo Thanh Luong 
and Do Son (2010).  

D. Standard for checking adaptation of structure 

In the problem, the adaptive testing of the structure is 
carried out in two stages: Checking the elasticity of the plastic 
structure of the Midet standard and checking the adaptation of 
the standard structure of E. Melang. 
1)  Check the elastic-plastic state of Midet's flexible 
standard structure            

The elastic-plastic state of the structure is tested according 
to the plastic standard of Midet in the form of: 

2 2 T
i i i i/ 3 0       hay  

22 2 T
i i i3 3 0       (12) 

For a flat frame structure, it is assumed to ensure sTab. 
conditions in and out of the plane, with calculated column 
components as short bars. Thus, the general structural case 
considers the moment, the vertical force and the shear force, 
at the characteristic point of Ai section corresponding to the 
second component (i), we have: 

           
2

i i i i
i

i i

M m N n
z z

I A

  
   

 
 

                
 

 
 

2
2i Ti i

i
i i

S zQ q
3 3 0

I t z

 
     

 
            (13) 

where: 

im , in , iq  - residual internal forces in structural elements, 

iA , iI  - geometric features of the section, including the 

area and moment of inertia of the component “i”, 

 iS z - The static moment of the cross section has the 

degree “z” for the neutral axis of the component “i”,  

 it z - thickness of section at the degree "z" of the 

component “i”, 
T
i  - permissible value of material as the component “i”, is 

the strength of the material. 
Thus, the corresponding we have, i , of the component “i”. 

 For section I shaped: 
The section is symmetrical with two axes (y, z), there are 

three characteristic points, that is the top of the upper wing, 
the bottom point of the lower wing and the mid-abdomen 
point. At the same time, it is easy to identify values: iW , iA , 

iI , iS , it  through the Tab. of geometric characteristics of the 

section corresponding to the sectional height in the documents 
about "Strength of materials". 

 
2)  Check the adaptation of the structure 

 The adaptation of the structure is tested according to 
Melang's theorem in the form of nonlinear planning problems 
with conditions: 
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 
r

r i i
i A

T

max (t) (t) 0


                       (14) 

In that formula, each i  contains part of the elastic stress, 

part of the residual stress and allowable values. 
After some changes and discrete expressions (14) we get the 
equation, according to Vo Thanh Luong, Do Son (2010): 

 
r

n

0 i i
i

r r r
A

T

n

j rj r
i 1

L U
i i i

Minimize A l

where : max (t) (t) 0,

H (x ) 0,

A A A



  


     




    

  







          (15) 

3) Solution 
(15) is a nonlinear planning problem, in which the stress 

values are determined by analyzing the elastic headrest 
structure under the impact of the earthquake load by the 
largest slope method (fastest reduction) , according to Vo 
Thanh Luong, Do Son (2010). 

III. PROGRAMMING AND CALCULATION EXAMPLE  

A. Programming  

Based on the characteristic matrices of the bar element with 
soft links and the algorithm of the optimal problem built, the 
author has developed the program of calculating OSF 
(Optimization of Structural Frame) to optimize calculation. 
Steel frame structure, with the ideal flexible elastic material 
model and beam-column connection softness with mechanical 
characteristics is nonlinear and considering the P-Delta effect, 
the program is written in MATLAB language version 6.0. 

B.  Calculation example 

Find distribution of beam and column cross section of the 
frame with the target of minimum structural weight and 
horizontal displacement of the largest frame within the 
permitted limit. Survey the basic oscillation cycle and the 
maximum horizontal displacement at the top of the frame, 
corresponding to the softness of the beam-column connection 
for the cases: 

(1) absolute hard connection (connection softness, k = 0),  
(2) Linear soft connection (connection softness, k = 2.10-5 

rad / kNm), and 
(3) nonlinear soft connection (softness associated with the 

first part k1=2.10-5 rad/kNm, the second part k2=8,5.10-5 

rad/kNm, with moments limits Me=80 kNm, Mu=120 kNm). 
Knowing the steel frame structure works in a flat diagram, 2 
floors, 2 spans, as shown in Fig. 3.  

The system consists of 5 columns and 3 I-shaped steel 
beams, beams are subjected to evenly distributed load and 
frame pinned with concentrated load. Steel materials have 

elastic modules E=2,1.104kN/cm2, Poisson ratio =0,3, 
Calculated intensity of steel material f=21kN/cm2.  

The earthquake load acts on the frame through the 
background, at time t = 0, the still frame and the background 
begin to move with acceleration.: 

2

g

2286sin30t (cm / s ), 0 t / 30
u

0, t / 30

   
 


 

Critical drag coefficient 1 2 0,03    , The largest 

horizontal displacement allows equal 7,5 cm. 
 

 
 

Fig. 3. Flat frame 2 floors 2 spans 
 

The structure is divided into 11 elements (5 column 
elements and 6 beam elements) with 22 dangerous sections. 
The elements are divided into 4 groups of sections: (1) 
column of the first floor, (2) girder of the first and second 
floors (3) column of the second floor and (4) beam of the 
second floor.  

The first iteration assumes equal cross section groups, 
taking I50 steel. In the next steps, the groups of section I are 
formed, as shown in Tab. 1. In the final calculation step (7th), 
for the section of beams and columns are: column 1, 1st floor 
beam type I36 and column 2, 2nd floor beam type 30. 

 
Tab. 1. The section number of the element groups corresponding 

to the calculation steps 
 (GOST 8239-72) 

Elements 
The section number I shaped corresponds 

to the calculation steps 
1 2 3 4 5 6 7 

1st floor 
column 50 45 40 36 36 36 36 
1st floor 
beam 50 45 40 36 36 36 36 
2nd floor 
column 50 45 40 36 33 30a 30 
2nd floor 
beam 50 45 40 36 33 30a 30 
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Tab. 2. The basic oscillation cycle and target function 

Steps Condition 
Basic cycle [s], corresponds to the link 

Target [m3] 
Rigid Linear Nonlinear 

1 
not considering P-Delta 0.069 0.084 0.084 

0.372 
consider P-Delta 0.069 0.085 0.085 

2 
not considering P-Delta 0.075 0.088 0.088 

0.315 
consider P-Delta 0.076 0.089 0.089 

3 
not considering P-Delta 0.084 0.094 0.094 

0.270 
consider P-Delta 0.084 0.095 0.095 

4 
not considering P-Delta 0.092 0.100 0.100 

0.230 
consider P-Delta 0.092 0.101 0.101 

5 
not considering P-Delta 0.090 0.098 0.098 

0.220 
consider P-Delta 0.091 0.099 0.099 

6 
not considering P-Delta 0.090 0.097 0.097 

0.214 
consider P-Delta 0.091 0.098 0.098 

7 
not considering P-Delta 0.088 0.096 0.096 

0.210 
consider P-Delta 0.089 0.097 0.097 

The calculation is made for all three cases of beam-column connection:  
(1) Absolute rigid connection,  
(2) Linear soft connection, and 
(3) Nonlinear soft connection.  
The results are compared in the case where the P-Delta effect is considered or not. 

 
Tab. 3. Maximum horizontal displacement at the top of the frame 

Steps Condition  
Connection case  

Rigid [m] Linear [m] Nonlinear [m] 

1 
not considering P-Delta 0.004 0.007 0.007 

consider P-Delta 0.004 0.007 0.007 

2 
not considering P-Delta 0.005 0.008 0.008 

consider P-Delta 0.005 0.008 0.009 

3 
not considering P-Delta 0.006 0.011 0.011 

consider P-Delta 0.006 0.011 0.012 

4 
not considering P-Delta 0.009 0.014 0.014 

consider P-Delta 0.010 0.015 0.015 

5 
not considering P-Delta 0.009 0.014 0.014 

consider P-Delta 0.010 0.015 0.015 

6 
not considering P-Delta 0.010 0.014 0.014 

consider P-Delta 0.011 0.015 0.016 

7 
not considering P-Delta 0.010 0.014 0.014 

consider P-Delta 0.011 0.015 0.015 

D. Comments: 

The plastic characteristics of the section show that: the 
super-static structure with soft connection also continues to 
work in the flexible domain. The nonlinearity of the 
associated softness affects the number of flexible joints in the 
structure: nonlinear connection makes the structure appear 
more flexible joints during motion. The softness of the 
connection significantly reduces the objective function but 
increases the displacement and basic oscillation cycle of the 
structure 

IV.  CONCLUSION 

AboveBuilt an algorithm, the program calculates the 
optimal design problem of flat steel frame structure with 

nonlinear soft connection considering P-Delta effect and 
performs numerical example. The connection softness and 
P-Delta effect affect the internal force - displacement of the 
steel frame structure. When calculating the steel structure, it is 
necessary to consider the factors of softness, the nonlinearity 
of the beam-column softness and the P-Delta effect to ensure 
the safety as well as the utility of the construction. 
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