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Abstract: In this paper the authors have introduced a new
function on a bitopological space which provides uswith a tool to
develop a new bitopology. Various characteristics of the derived
bitopological spacehav been studied. two new separation axioms
have also been introduced over the bitopological spaces. It is
interesting to see that the derived bitopology accepts these new
Separation axiomsin a very natural manner.

Index Terms. R; closure, R, closure, Pairwise Q closure,
pairwise T, separation axiom, pairwise T,. separation axiom,

[. INTRODUCTION

The phenomenon of bitopological space, sinceitslineage
from quasi metric spaces, has opened an outspread area at
its broadside, which was original and fundamental enough
to captivate interest of many contemporary topologists
and many of them such as Reilly [7], Singhal and Singhal
[10], and Fletcher et. a. [12] roped in to introduce a
variety of covering properties and separation axioms on
bitopological spaces. An interesting aspect of separation
axioms was given by Kelley [8], when he introduced the
concepts of pairwise Hausdorff, pairwise regular and
pairwise normal space. Standard literatures on topology
show importance of separation axiomsand their uses[2] and
these fundamental axioms paved way for further new
axioms [11]. Along with these concepts, the basic notion
of Kuratowski operator [4] adready existed as the
introduction of the notion of local functionon A X as
A*. Recently Hawary introduced € closed sets [15] and {
open setg/14]. Due to presence of two topologies in a
bitopological space (X, 31, J2), it is aways possible to
consider the closure of a (J;) open set with respect to the
topology 3, wherei,j € {1,2},j # i. Thisopened way for
various closed sets such as g;; closed sets[1], generalized
locally 3*g closed sets [9], Q-open sets [3] and weakly
b-open fuctions [5]. Many topologies could be created
with the help of these concepts[13]. This prompted usto
introduce a new type of closure property on a
bitopological space which proves to be a trailblazer and
gives rise to a new bitopological space. We name this
derived bitopological space as pairwise Q bitopological
space and study its behaviour in the presence of existing
sepa-ration axioms and also introduce some new sepration
axioms
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which behave in a peculiar manner with the parent
bitopological space whereasthey show a natural inherence
in derived bitopological space.

For the sake of salf completeness, in section 2, we introduce
the necessary definitions. In section 3, we introduce the new
doaure property and show thet it derives a new hitopologica space. In
sadtion 4, we introduce two new separation axioms and study
their behaviour in both the bitopologies.

[I. PRELIMINARIES

Let we denote abitopological spaceas (X, 3, 3,) where X isa
nonempty set equipped with two arbitrary topologies 3, and
J,. The closure and interior of a subset of X are being
considered in their general sense. To make the article self
contained, we recall the following well known definitions:
Definition 2.1: A bitopological space (X, 3;, 35) is pairwise
T, if for every pair of distinct elements of X there exists an
open set in any of the topologies containing only one of the
points.

Definition 2.2: A bitopological space (X, 31, 3;) is pairwise
T, if for every pair of distinct elements of X say x and y there
existsan open set U in 3 containing x but not y and an open set
say V in 3; containing y but not x, for i, j € {1,2} i #]j.

It is obvious that if a bitopological space is T, then every
singleton is closed both in 3; and 3,.

Definition 2.3: A subset A of X in a bitopological space (X,
31, 3,) is caled pairwise - open if A is both 3;-open and
3,-open.

Definition 2.4: A bitopological space (X, 31, 32) ispairwise
T, if for every pair of distinct elements of X say x and y there
exists an open or closed set say U in 3 containing x but not y
and an open or closed set say V in Jj containing y but not X, i ,j
e{12}i+].

Pairwise T, = Pairwise T,,, = Pairwise T,

Definition 2.5: A bitopological space (X, 31, 3;) is pairwise
Hausdorff if for every pair of distinct elementsof X say x andy
there existsan open set U in J; containing x and an open set say
V in J; containing y such that U NV =@, fori,j € {1,2} i #]j.
Definition 2.6: A bitopological space (X, Ji, 3p) is
pairwise regular if for every element of X say x and every
open set U in J; containing X there exists an J3; open
neighbourhood of x say V, whose 3  closureis contained

inU, fori,j €{1,2} i #j.

Definition 2.7: A cover @/={Ua | o € A }is said to be
pairwise open cover of X if U; e 31 u32 and @/n 3;
contains anonempty seti €{1,2}.

Definition 2.8: A cover @/={Uq| o € A }is said to be
locally countable pairwise open cover of X if @/ is a
pairwise open cover of X and each element of X is
contained in countably many
elements of @¢
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Definition 2.9: A bitopological space X is said to be
pairwise compact if every pairwise open cover of X has a
finite subcover.

Definition 2.10: A bitopological space (X, 3. 3-) is
pairwise antilocally countable if it is antilocally countable
with respect to both the topologies.

I11. PAIRWISE Q BITOPOLOGICAL SPACES:
DEFINITIONSAND PROPERTIES

Definition 3.1: Let (X, 3,.3:) be a bitopological space.
Define a function Q j) : P(X) = P(X) as Q jy(A) =AU {y €
X|vUeZj|lyeU, Jcl-{U}NA#Countable}. Then ¥ i, j€
(1,2) i #j, the €, ;) operator holds following assertions:

(i) A < Qg p(A),

(ll) BcA= Q(iyj)(B) (e Q(i’j)(A)

(iii) Q. )(AUB) = Q; j(A) UQ, j(B)
(iv) Qg H(ANB) = Q, jy(A) N ;)(B)
Pr oof:

()By definition.

(i) Let x ¢ Qg p(A) then there exists a J; open
neighbourhood Uy of x suchthat J;cl-{Us N A = Countable
. Then J;cl-{U} N B = Countable = x ¢ Q; ;(B).

(|||) By (11) Q(i’j)(A) UQ(LJ‘)(B) c Q(i’j)(AUB). Now let X ¢
Q. j)(A) UQ j(B). Then there exist 3¥; open neighbourhoods
Uy and V, of x such that J;cl-{U,}JN A = Countable and
Jicl-{V,}N B = Countable. Then W, = U, N V,is3; open
neighbourhood of x such that 3;cl-{ V,} N(AU B)= Countable
indicating that X & € j(AUB).

(iv) Easy to prove.

Hence we can see that the Q; ; operator satisfies all the
conditions of Kuratowski's closure operator and therefore we
can define € j) operator as closure property. Thus by Q j
operator, closed sets can be defined as :

Definition 3.2 : Inabitopological space (X, Ji, Jj), Ac X is
called Q () closed if Q (i i) (A) =A.

Thus €, ;) operator can be applied to define atopology on the
bitopological space (X, 31, 32) ¥i, j€ (1,2) i #j. We denote
this topology by Jq, j and the topological space equipped
with this topology is denoted as (X,Jq j)). The members of
Sg(i’j) aredefined as :

Definition 3.3: I1f U € P(X) thenU € J o ;) or U iscalled Q;,
j) openif for every xe U there exists a 3¥; open neighbourhood
U, of x such that 3;cl(U,) —U is countable.

Based on the definitions, the closure and interior of asubset A
of X can be defined as

Definition 3.4 : Union of all Q jy open setsin AcX isdefined
as Qg j interior of A.

Definition 3.5 : Intersection of all Q ; closed sets containing
AcX is defined as € j) closure of A.

Further it can also be seen that by changing the choices of i
and j one can define two new topologies on a bitopological
space (X, 31, 32). Thusfor abitopological space (X,3;.3:) a
new bitopological space (X, #;.#-) can be defined where %i;
is the topology defined by Q,  open sets and . is the
topology defined by €, 1) open sets. Thus

Theorem 3.1: Inabitopological space (X,3;.3:), let |; be
the collection of all Q ;) open setsin X then,

(2, X € Ky

(i) A,Be®; =ANB €
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(i) {Aq | @ed} €M = U {4, lach} € R;

Proof : Easy

Following results are easy to prove :

Result 3.1: A is™; open iff A can be written as union of all
H; open setsin A.

Result 3.2: A is™; closed iff A can be written asintersection
of all #; closed setsin A.

Result 3.3: If A is%; closed then

()A=%; cl(A)

(i) M; cl(X-A) = X-H; int(A)

(iii) ™; cl(A) isH; closed.

(iv) xe #; cl(A)iff {U,}N A =2 %%, open set U, containing

The concepts of pairwise open and pairwise closed sets can
also be defined on (X, #i,.H.) as:
Definition 3.6: In abitopological (X, 3,.3:), Ac X iscalled
pairwise Q closed if #;cl(A) = A = %;cl(A).
Hence A is pairwise Q closed if V X ¢ A thereexist U, € Ji
and V, € 3Jj such that (Jicl-{UgJ U3cl-{V})N A is
Countable.
Definition 3.7: Inabitopological (X, 3;.3:), Ac X iscaled
pairwise Q open if H;int(A) = A = #,int(A).
Hence A is pairwise Q open if V X € A there exist U, € Jiand
Vy € Jjsuch that (Jicl-{U,} U Jjcl-{V,})-A is Countable.
Example 3.1 : Let we consider two topologies on the set of
real numbers R asfollows:

(Ra 3J.) :{Bv Rv {0}1 (-DC, 0)1 (-DC, O]}

(Ra 3:) :{Gv Rv {0}1 (01 I.':'C)7 [Ov DC:]}
It can be checked easily that (R, #i;) consists of al the sets of
the type @, [0, ©=2)-C, R-C whereas (R, #.) consists of al the
sets of the type &, (-22, Q] - C, R-C where C is any countable
subset of R. We can see that all these four topologies are
independent to each other.
Example 3.2 : Let R be the set of real numbers and let
J, and 3. be the usua topology and right order topology
respectively. Then, %, is the topology finer than 3. as it
consists of all the members of it along with all the elements of
the type A-C and R-C where A is any member of 3. .
Members of #. will be of thetype @ (-c2,a) —-CandR-C
for each element a of R.
Example 3.3 : On the set of real numbers let we define two
topologies 3, and J. where 3, is the usua topology and
J. isdefinedas (R, 3:)={@} W{UU (g, =) |UeJF,anda
£R},then(R, #,)={®, (a =)-C,R-C |ae RandCisany
countable subset of R} and (R, #.) isthe usual topology.
Example 3.4 : If (R, 3F,) isthe usua topology and (R, 3:) is
the cocountable topology then (R, %) is cocountable
topology whereas (R, #.) is the usual topology.
Theorem 3.2 : If a3J; open set U has countably many
boundariesin 3; then, U is™; open also.
Proof : U is™; openif for every xe U there exists a J; open
neighbourhood Uy of x such that 3;cl(U,) —U is countable.
Take U, = U then J;cl(U,) -U= F;cl(U) -U iscountable.
Corollary 3.1: If aJ;open set U isclosed in 3 then, U is™;
open also.
Corollary 3.2 : If U is3Jjopen set and 3J; closed then, U is
both %; open and %; closed.
Hence a pairwise open and
closed set in X is pairwise Q
open and Q closed.
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Theorem 3.3 : If abitopological space (X,3,.3-) isparwise
antilocally countable then the bitopological space
(X, ¥, M, ispairwise anti locally countable.

Proof : It sufficesto show that if (X,3,) is pairwise anilocally
countable then so is (X, #M,). Let U #i, and let x € U then
there existsa 3 ;neighbourhood U, of x such that 33- cl(U,)- U
is countable. But U is uncountable and so is J- cl(Uy)
therefore U has to be uncountable.

Theorem 3.4 : Every countable set in a bitopological space
(X,3..3-) ispairwise Q-closed.

Proof : Let A beacountable subset of X then #, (A) =A U {y
EX|VUET,|yeU, 3 c{U}N A # Countable} = %,
(A) =A. Similarly %> (A) =A. Hence A is pairwise Q-closed.
Theorem 3.5: Let (X,3,.3-) beabitopologica space. Let U
be a subset of X containing x then U is called ®; open if and
only if for every xe U there exists aJ; open neighbourhood
U, of x and a countable subset C of X such that 3;cl(U,) -C
c U.

Proof : Let U be Qj, open then for every X U there exists a
J; open neighbourhood Uy of x such that 33;cl(Uy) -U= C
= Jcl(U,) -C < U. Conversaly, let for every xe U there
exist a J; open neighbourhood U, of x and a countable subset
C of X such that 3;cl(U,) -C cU = J;cl(U,) -U =C
= J;cl(U,) —U hasto be countable.

Theorem 3.6 : If abitopological space (X,3;.3:) ispairwise
antilocally countable and A is 3J; open then A
c Jicd(A) c (A v {i, jye{1,2},i #].

Proof : Let x € Jjcl(A). Let U, be %, neighbourhood of x
= there exists aJ; neighbourhood U of x and a countable
subset V of X suchthat J;cl(U) -V < Uy= J;cl(U)NA-V
< Uy,N A. Now, both U and A are 33; neighbourhoods of x
therefore U N A isnonempty = U N A isuncountable and
s0isU, N A. Hence x € %;cl(A).

Itisobviousthat if X isacountable set or afinite set then each
of the derived topologies will be discrete topology. Therefore
it is useful to consider X as an uncountable set in order to
make the results meaningful.

IV. DEFINITIONSAND PROPERTIESOF Q PRIME
POINTSIN BITOPOLOGICAL SPACES

Definition 4.1: Let (X, 3,.3.) be a bitopological space
equipped with two topologies 3, and . . Let A be a subset
of X. We define (i, j) prime point of A as elements of Q j(A)
. Thus ais (i, j) prime point of A if v U €3 |a€ U,
Jicl-{U}N A # Countable. If A has all its (i, j) prime points
within A then A is said to be €, j, closed.

Theorem 4.1: Let (X,33,.3:) be a bitopological space such
that 3J; is second countable then, every uncountable subset of
X contains at least one (i, j) prime point.

Proof : Let A be an uncountable subset of X such that A
containsno (i, j) prime point then, for every ain A there exists
Usuchthat U € 3 |a€ U, Jicl-{U}N A = Countable. Since
3Jj issecond countable and a€ U there exists a base element B,
such that a€ Bj U= Jcl-{ B;}N A = Countable. Then A=
Uje; B; N A implying that A is countable union of countably
many sets and therefore is countable which is a contradiction.
Hence every uncountable subset of X contains at least one (i,
j) prime point.
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Corollary 4.1: Let (X,3;.3-) be abitopological space such
that 3; is second countable then, every uncountable subset of
X contains uncountably many one (i, j) prime points.

Proof : Let A be an uncountable subset of X containing
countably many (i, j) prime points. Let C be the collection of
(i, j) prime pointsthen C is countable and therefore A-Cisan
uncountable set containing no (i, j) prime points contrary to
the above theorem which asserts that every uncountable
subset of X contains uncountably many (i, j) prime points.
Corollary 4.2: Let (X,3;.3-) be a bitopological space such
that 3J; is second countable. Let A be an uncountable set and C
be the collection of (i, j) prime pointsof A thenthe set A- Cis
countable.

Proof : If A-C is uncountable then there will exist an (i, j)
primepoint of A-Cinitself and consequently of A in A but not
in C contrary to the construction of A-C.

Corollary 4.3: Let (X,3;.3-) beabitopological space. Let A
be a countable set then A hasno (i, j) prime points.

Theorem 4.2: Let (X,33;.32) be a bitopological space such
that 33; is a Lindel off space then, every uncountable subset of
X contains at least one (i, j) prime point.

Proof : Let C be a subset of X such that C hasno (i, j) prime
point. To prove the theorem it will suffice to show that Cis
countable. For every a € X there exists anbd U, of ain;
such that Jicl-{ Uz} N A is Countable. Then {U,|a€ X }is 3,
open cover of X. Since3l; is Lindeloff, it has a countable
subcover {Uy | ke 1}. Then C
c( UkE[Uk] ncc UkE[{ﬁicl{uk:l nc)c C which shows
that C is countable being union of countably many countable
sets. This proves the theorem.

Corollary 4.4: Let (X,3,.3-) be a bitopologica space such
that 3J; isacompact space then, every uncountabl e subset of X
contains at least one (i, j) prime point.

Theorem 4.3: In a bitopological space (X,3;.3:) the set of
al (i, j) prime points of asubset of X isJ; closed.

Proof : :Let A be asubset of X and let D be the collection of
al (i, j) prime points. We show that X-D isZ;open. Let a€
X-D then there there exists U, such that U, € 3 | a € U,
Jicl-{Ug N A = Countable. Weclaimthat {Ug N D = @ for if
Xe {UgtN D thenxe D and U,is3; neighbourhood of a and
therefore 3 icl-{UzjN A should be uncountable. This
contradiction leads to the fact that the set of al (i, j) prime
points of asubset of X is3J; closed.

V. TWO NEW SEPARATION AXIOMS

Definition 5.1: A bitopological space (X,3,.3-) issaid to be
pairwise Ty if for every element x of X there exists an open
set U; in 3J; and a countable subset C of X such that J;cl(U) -
(Uin Uy) =CwhereU; € Jjandx ¢ U; v {i,j} €{1,2},1 =].
Definition 5.2: A bitopological space (X, 31, 32) ispairwise
Ty, if for every element x of X there exists an open set U; in J;
such that 3;cl(U;)N (3, cl-{x} U J; -cl{x} ) is countable.
Theorem 5.1: A pairwise T bitopological space (X, 31, 32)
isparwise Tj.

Proof: Letx € X and let there exist an open set U; in 3 such
that 3;cl(U;) - (VinVy) =C. Sincex ¢ V; vV {i,j} €{1,2},i #
j =Vin 3, Cl'{X}z(I): Vj n Sj Cl'{X}:>(Vi N Vj )n(jl
cl-{x} U3;

c-{x})=¢ =( Fcl(U) - C
n(e, cl-{x}u3;
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cl-{x})=¢ =T;cl(U)N(S, cl-{x} U T; -cl{x} ) is countable.
Theorem 5.2: A pairwise T, bitopological space (X, 31, 32)
ispairwise Tp.

Proof : Since X ispairwise T,, each singletonisclosed in both
the topologies. Let xe X. Let U; be an open set in Jj
containing x. Take V,=V,= X-{x}. Then, J;cl(U;) - (Un Uy)
={x} whichis countable. Hence (X, J1, 32) is pairwise Tp.
Theorem 5.3: A pairwise Ty bitopological space (X, 31, 32)
is pairwise Ty if the countable set C-{x}, where C is the set
defined in definition 2, is closed in both the topologies.
Proof : Let (X, 31, 3z2) bepairwise Ty then for every element
x of X there exists an open set U; in 3; such that J;cl(U)N(3,
cl-{x} U J;-cl{x} ) =C = (U)N(S, cl-{x} U T; -cl{x} ) =C
= (U-O)n(3, cl-{x} U T -cl{x} ) ={x} = (V)IN(S, cl-{x}
U 3; -cl{x} ) = {x}. If V; does not contain y then we are done.
If 'V contains y then at least one of 3, cl-{x} and J;

-cl{x} doesnot contain'y and consequently their complement
will be an open set containing y but not Xx.

Theorem 5.4: In a bitopological space (X, 3..3-), the
bitopological space (X,#,.%.) isawayspairwise T;.

Proof : Since a countable set is closed with respect to both
H, and N, inparticular for every pair of X,y € X | X £y, each
of {x} and{y} areaso pairwise closed and therefore X-{x} is
the pairwise open setin (X, M. },) containing y but not x and
X-{y} isthe pairwise open set in (X, ;. H.) containing x but
not y.

Corollary 5.1: In a bitopological space (X,3;.3:), the
bitopological space (X,%,.M.) ispairwise Tp.

Corollary 5.2: In a bitopological space (X,3;.3:), the
bitopological space (X,#,.M.) ispairwise Tj.

Corollary 5.3: In a bitopological space (X,J:.3:), the
bitopological space (X,%,.M.) ispairwise T;.

Theorem 5.5 : In a parwise T, bitopological space the
derived set of each element in both the topologiesis pairwise
Q closed.

Proof : Let xe X and let {x};’ be the derived set of {x} in J;.
Since X is pairwise Ty it has a neighbourhood in 3; say U;
such that J;cl(Ui)N(S, cl-{x} U J;-c{x} ) = Cwhere Cis
some countable subset of X. Therefore J;cl(U)N(S3, cl-{x} U
3 -c{x} ) = C = T;c(U)N(S, cl-{x} ) = Countable and
J;icl(U)N(F; c-{x} ) = Countable = J;cl(U)N( {x}i" ) =
Countableand J;cl(U)N({x};’) = Countable = Each {x},’ is
pairwise € closed.
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