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C*-Algebra Valued Fuzzy Soft Metric Space and
Related Fixed Point Results by using Triangular
A-Admissible Maps with Application to
Nonlinear Integral Equations

D. Ram Prasad, G.N.V.Kishore, D.W.J. Victor, B.Srinuvasa Rao

Abstract: In this paper, we proved some interesting results
related fixed point theory and we gave some examples to
supporting our results.

Index Terms: C*- Algebra (A) Valued (V) Fuzzy (F) Soft (S)
Metric (M) Space (S), Common fixed point, weakly compatible,
coincidence point.

I. INTRODUCTION

Fixed point theory is an excellent sub fields of nonlinear
functional analysis. It has been used in the several research
areas of mathematics and nonlinear analysis. The fuzzy soft
concept plays a vital role in many scientific and engineering
applications. See ([1] - [22])

The main aim of this paper is to establish some results by
using triangular o- admissible mappings under various
contractive conditions.

For the basic definitions and other related lemmas are
presented by the same authors in the ([21], [22])

I1. RESULTS AND DISCUSSION

Definition 3.1: Let(gﬂ €, r;f: ) be C*- Algebra Valued
Fuzzy Soft MS, T: F— Evea given mapping. Then T is
triangular CC —admissible mapping if there exist
o Ex E - f+ such that
(So) (Fp, Fe,)Z I¢ implies c(TF, , TF, )X ¢

fork, , Fe, € E
(S1) (Fe,, Fe, )2 I and &(F, F ¢)% Ie =

o(Fp,, F, )2 IgforF, Fp ), Fp, €EE

1!
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Example3.1: LetC? B+ and E 7 R+, let £ be a absolute
fuzzy soft set, define T F— Fand

Ie, , if F,,2 F,
K(P'el, F'ez): C~ f e . ey

0z, Otherwise

Then T is & —triangular admissible map.
Lemma3.1: Let (E'= ¢, dr,) beaC*algebravalued
fuzzv soft metric space and T - E—= E be a triangular

0C- admissible mapping . Assume that there exist F;n EE

such that CC(F;FI:TF;I_I)E frs-. Define a sequence § Fﬂﬂ }as

F_ =TF,_ then0(F, F_)Z Ixforall m n € Nwith
m <

Theorem 3.1: Let( E’ e, cj?[_,:g )} be C* - Algebra Valued

Fuzzy Soft MS which was complete. Let T be tnangular -
admissible mapping on E. Suppose there exist a function T
- [0.00) =3[0; 1] such that, T(£, ) = 1 implies that

f” — 0 for any {fu } of positive fuzzy soft reals and

(CTC;(TFQ1 ,TE,, ) + r)OC(Fel' T Fey )(Fey, T Fe,)

<a*t(de. (F,, F, ))dc. (F,, F, )a+r
Forall F,,F,, € E,where d € C with||d||<1andr=

1. Suppose that if { F,, } is a sequence in E such that

M. 1I= -
E,, —5 For o(F,  F, , )& I¢ for all n, then cc

(For, TF,1)Z I . If there exist F,, € E such that oc
(Fey, TR, )Z f@, Then T has fixed point inE which was
unique.

Proof: Choose F, € E such that e<(F,, TF, )% I¢.
Define the sequence { F, } € E by

F, =T"F, =TF, % n€ N.Since T is triangular &
— Admissible mapping and

o(Fp,, TFe )2 I #, we deduce that

< (Fey, Fp)= <(Th,,
T?F,, ) =z Iz . By

proceeding in this way, we
get
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o(F, ,TF, )z I¢ = ||« (R, , TF,)| =1
% ne N u {0}. For convenience, we denote the element
D=d.. (F, v Fo)inC.

FCTC/* ( Fen ’ E?n+1
= Ci;* (TE?n—ﬂ TE?n )+r

= (dec. (TF,,, TF.

)+r

«(Fep_1r TFep_y )<(Fep, ,» T Fep, )
) +T)

<(&. (5, TR, )

+r )”“(Fen—r TFen—l )K(Fen » T Fen ”

n—1’

<@t (& (Fopys By )
de. (R, ,, E,, )a+r
Then

n-1’

de. (R,

en+1)

< a*t(de. (F,,_,,
Fen )) a;* (Fen—l’Fen)d

IIA

(a (dC* (Fen 1' \ €

<(a )n 1 T( dc‘* (Fel 1’ ei)) dC* (Feot Fel)dn
= (a )n H?:l T( dC* (Fei_l' Fei )) ba"

So for n+ 1> m, we have

v

&;* (Fen+1 ’ Fem ) = Cz;* (Fen+1 ’ Fen ) +
d;*(Fen en1 )+ """ +&;;*(Fem+1' Fem)
< @)y t(de. (Fey, Foly ) DA+ +
(a )m 1T( dC* (Fel el 1 )) ba™

< Zk=m(ni‘=1r( de. (Fp, Ry )(@)® Dak)<
n (M t(dz (B, , F,_, ))(@)* D2Dzak)<
T m( (D)) 2
< Sl (& (R, By, ) D20
=

R ) o |

1
<||Dz ||? Zk:m i=1||77( dC* (Fei v By, )” llall** Ie
By using the properties of the function T and Lemma 36, we
conclude that

Tz (Fopye» o )SIDZ P

n I | e(de. (Fei F,_, )|| llaN?* Iz — 0asm— oo
Therefore, {F, }n-1 S E isa Cauchy sequence in E. Since by
completeness of (E,C,d,-), we have F/ € E with lgtc}oF
=limTF,  =F,.Thatis "

n—oo

||dc (Fe,,» e')” -0 as ~n—» o,
Suppose that {F,, },-; < E such that

Il

o —S F ol (Fe,s Fepy )2 I for all n then
O(F 1, TF 1 )2 i5z||o< (Fr, TF,1, )|l = 1, now we have,
O¢ = de.(TFy, F,,, ) +1= (d¢. (TF,, TF, )+
p) e e Tens Then) < (dg. (TF,r, TR, ) +

T( dC* (F;zl

r))”o((Fe/, TF 1)(Fep, TFey)|

< @ t(dc. (Fer, Fo, ) deu (Fer, B, )atr
That is
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O¢=d¢. (TF,, .., )

< @t(de. (Fe, Fo, ) dc. (Fer, F,, )a
Now using the triangle inequality, then we have
655(2(?* (TFe' » Fer )

= &;* (TFE’ ’ F9n+1 )+ &;* (F€n+1 ’ Fe’ )

= ZFT(J;* (Fe’t Fe, )) ‘TCJ* (Fe" Fe, )a

+ d::* (F€n+1 4 Fe' )
Therefore, we have
0 |dz. (TF,r, Fo) | <
a‘t(de. (Fe" Fe, )) dc. (FE" Fe, )d
+ (TC'* (F9n+1’ Fe’ )”

< ll@1?||e(de. (Fer, E, D] ldc. (Fer, R, )al
ANz P P
<N, (For DI (Fe, B al
*lde.(Fepyy» Fer)ll >0 asn— oo

Hence we get that dg, (TF,, F, ) = 0 implies
thatTF,» = F,r.

Nt(de. (., Fo,, ) dec. (F.,_,, Bypposgi®,rand Fn (F, # F,ui) are two fixed points of

T. Then

o(F,r, TF,)Z I¢ and ©<(F i, TF,n)z I , sothat
&;* (Fe' , Fon )+r= d;* (TFe’ » TFen )+

< (de. (TF,r, TFon )+

r)fx(Fer.TFel.)O((FeH,TFeH.)
=< E;T(dC* (Fe' ’ Fe” )) dC* (Fe' ’
Foir )a+r
Therefore,
”T(CTC'* (Fgr, Fu ))” — 1thus

2. For, For M <z Fors P ]

It is contradiction. Hence T has the fixed point which was
unique.

Example3.2: Let U=[0; @) _ and C”=M: (R(IC)®,C=E=
[0; 1] and E be fuzzy soft set which was absolute. Define

droEx EoComdn@, E )=, ]
Here i =inf{| u°F, (s)-p°F, (s)[/s€C }.

It is clearly (E'._ c, r.'j'i_:g )} isaC*- Algebra Valued
Fuzzy Soft MS Which is also complete. Now define
T-F= F by
T ifF €0, HUC, 1]
TE ="~ L7 and
2Fe lfFe € {g; E}
7 : [0;00) —[0; 1] be defined as T(t)=§

Also we define o E x E - C, by
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7 . 1 1 F? . 11

< (F, . E, )Z{C. . if FopFy €00, DU G, 1] e | rReE-G Y
G 0¢, Otherwise e , 1 1 an
logFe lfFe € {5; 5}
; 1
First we shows that T is triangular c<-admissible mapping. 7 : [0;09) —[0; 1] be defined as (t)=;
Let F, \F,, € E, =(F,, F,,)z I implies Also we define o £ x E - C, by ©(F,, F,)=
- i 1 1
[l (R, Fez)lll > 11,then {If, , if By €E—1{3, 3
F,, F, €]0, 5) U (5,1] 0z, Otherwise
On the other hand, for all F, € [0, 1) U (l_ 1], we have Clearly T is triangular o< - admissible mapping and satisfies
TE. < 1. It follows that 3 2 all conditions of Theorem 3.2. From Theorem 3. 2. T has
v < 1L : . PR
"o( (TE,,, TF,,) ” >1 fixed point which is uglqtie. - )
Implies that (TF,,, TF,,) % I¢. Also, for all F,,, F,,,F, €  Theorem3.3.: Let (E.C, d,) beComplete C*-
E such that «(F,, F,,)z Izand «(F,,, F,,)z Iz = Algebra valued Fuzzy Soft Metric Space, T be triangular ¢
1 1 = =
Fppo Fep Fey € [0, )V (5,1]  andso &(F, F,)X e - admissible mapping on E. Let T : [0, 00) =3[0, 1] be
Therefore, the assertion bol_ds. I_n reason of the above function with I[f ] 5 implies that £, — 0 and
arguments, (0, T0)z [ implies n — N
”0( (0, TO) ” > 1. (Ofv(Felﬁ'vT Fe1) x (Fezﬂ’vT Fez)) dC*(TE-ﬁ ’ TFEZ)
Now, if the sequence {F,_ } in E such that c<(F, , F, . )% I¢ = a*f(dc*(Fel » Fo ) de(Fey ) Fey)a _
Yon=0:1:2 and For all~{tn } of positive fuzzy soft reals, F,,, F,, € E, where
T L4 a € C with ||a@ll<1 and r> 1. Suppose that if { F, }isa

oy Fe' as n— oo, then {Fen }Q [0, 5) V] (E' 1] and sequence in E such that

1 1 PPN .l .
hence Fe: €0, 5) u (E’ 1]. Which implies that o<(F -, F,. i For,o(F, , F, )% Iz foralln, then
TF)Z Ie = |l °<1(Fe"1 TFer, ) 12 1. 0(F,r, TF,, )z I¢ . Ifthere exist F, € E such that o<(F, ,
LetF;,, Fe, € [0, ) U (5, 1], we have TF,,)% I¢. Then T has fixed point which is unique.
(CIEJ*(TFel ' TFeZ) +r )O((Fel, T Fe, )X(Fe,, T Fe,)

—~ — . . 1,
2@ t(de.(F,, F,)) de(Fy, F,)a+r Example3. 4.: LetU=[0;00) & C=E={=/ n € N}
n

Otherwise, x (F,, T F, ) x (F,, T F,)=0andwe have - i
(&.(TE,, TR,) + r)°<(Fel. T Fey )x(Fey T Feg) _ 4 U {D ] E be absolute fuzzy soft set, C =M, (R ( C *)) and

defined, X B C asd,,(F, : F, )=EI D]
i L

. . here i=inf {|pu®F, (5)-p°F, (5)|/s€C }. Clealy
Therefore it is clear that the conditions of Theorem 3.1 are T ! "
satisfied and T has a fixed point. (E.C, d.,) isaC*-Algebra Valued Fuzzy soft Metric

Space and which was complete. Now define T: E=E a
fuzzy soft set, C =M, (R (C*)) and define

GreEx EoCodn@, B =[, ]

<@ (dg. (R, F))de. (Foys Foy JA+T.

Theorem3.2.: Let( E.C, fj'l_; } be complete C*-
Algebra Valued Fuzzy Soft MS. Let T be triangular
0Z- Admissible mapping on E. Let that there exista

function herei=inf {| u*F, (5)-p"F,_(s)|/ s€C }

- [0:00) =[0; 1] with T(F, ) — I implies that £, — 0 w o '
;d[ ) 0: 1] with 7(E, ) tpites Al By ) Clearly (E,C, d,,) iscomplete C*- Algebra Valued
< 9@ T(dc. (Fey  Fep ) dce (Fey s Fep )@ Fuzzy Soft Metric Space. Also define T: E— Eas

For all {Z,, } of positive fuzzy soft reals, F,,,F,, € E,
where d € € with ||@(|<1 and r> 1. Suppose that if { F,, }

_ Ml 3
on E with F, —5 For,o(F, , F, )X e

for all n. Then
O(Fgr, TFgr, )2 I . Ifthereexist F,, € E such that c<(F, ,
TF,,)= Iz, Then T has a fixed point in £ which was unique.
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1-Fp?

TR, =1 ©

L if F, €00, DUG, 1]
1

F if Fe{z, 3
and 7 : [0;00) =[0; 1] be defined as ‘L'(t):%
Also we define  «: E x E - C, by
. . 1 1
olhy )= {0 U Fockes €006
0, Otherwise

Hence it is clear that the conditions of Theorem 3.1 are
satisfied and T has a fixed point.
Application to Integral Equation

Let us consider the boundary value problem of ODE :
—-d? Fo(t) _

=K EW®) if telo, 1] @)
F(0)=F(1) =0
Where K: [0; 1] x R(C)+ — R(C)+ is continuous
mapping. The Green’s function to (3) is given by I(t, s) =
t(l—s), 0<t<s<1
{s(l—t), 0<s<t<1

Let E= C=|[0; 1] be Lebesgue measurable set, E-=

L™ (C) beabsolute fuzzy scft set, H= I? (C) be denoted
by Hilbert Space. Clearly L(H) is a C*- algebra with usual

norm. Also define n::{_; EX E— L(H)by

e (Fey 5 Foy ) =Ming( uor,, ) - uFey (53 1 /5 €€ )
V F,,, F,, €E where M,: H— H is any multi — valued
operator defined by M, (t) =ht for T € H. Then (£, L(H),

d.. )isacomplete C* - Algebra valued fuzzy Soft Metric
Space.

Let W¥:[0; o) — [0; o0) be satisfying :
(i) ¥ isincreasing;
(i) foreacht>0, ¥ () <t;
(iii) ()= € F where
F={t /7 [0;00)— [0;1]} Asexample of such
function, we can list the following
Y ()=— and, ¥ ()= In (1+1)
We consider the following conditions:
(a) There is a function 6: R(C)2+ — R(C)* such that for all t
€E, forall F, ,F,, € R(C)+with 6 (F, ,F,,)=0and r€
(0, 1) we have,
inf{ K (t, £, () = K (t E,(5))| IseC}<
r¥ (inf(| E,(s) = E,(s) | /s €C })
(b) There is F, € L*(C) such that
O(F(t), [ I(t,;)K(s,F, (s)ds) =0V tEE
(c)ForallteEEandforall F, ; F,, €L*(C),
0(F, (1) ,F, (£))= 0=
([, 1(t,)K (s, F, ())ds, [ I(t,)K(s, (s)ds) =D
(d) For any cluster point F,» of sequence
{F,, } EL*(C) with 6 (F,, (1), F, ., (t)) = 0 and
li_g.lo inf 6 (F,,(t),F(t)) =0
Theorenm 3. 4. : Suppose that conditions (a) - (d) are

satisfied. Then boundary value problem ('3') has minimum
one solution F,, € L%(C)

1!
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Proof: Since we know that the solution of (3) is exists iff the
solution of the integral equation

F,(s) = [, 1(t,)K(s,F, (s)ds) is exist and the same.
Define T: L*(C) - L*(C) as
TF, (s) = [, 1(t,$)K(s, F, (s)ds)
forall t € E. Clearly F,» € L*(C) that is a fixed point of T.
Let C=7r1; then C €L(H), and||C||=r<1.
Foranyh € Hand letF, , F,, € L*(C), such that
6 (F,, (t) , F,,(t)) = 0forallt € E.
From (a) we have
dc. (TF,, TF,)) =M inf(| utFe, (s) - ptFey(s)| /5 €C )
ldc. (TR, . TE., ) ||

=mieaMing( utr, (5) - wtrys) 1 /s e 310 )

IIZTIL; 01[ inf{foll(t’ s) (K (S’ Fél(s)) h

K (s, Fez(s)))| /s €C }ds Jh(t) h(o)dt

< Suwp 1[inf{f11(t )|} ¥ ( inf{ | F, (s)
- ”h” =1 0 0 ’ é
— F,(s)| /s €C })ds ]
Ih(®)[1*dt
<

T[S fy 1 s)1} ds TRt

|¥ Cinf{| F,,(s) = F,(s) | /s €C }))
<

ryniy o [fC [ 1 )ds |, [TR@F dt
| (inf{ | £, () = F, () DI,
<l (inf{| £, () = E, () DI
|1 (de. By Fe, )OIl ~
— d * F;zl 'Fez
- ”dC* (Fel :Fez )|L ” c ( )”
< llalllc(dz. (Fey . Fey ) DIl e Ry, Eey ) |

Thus we have
dev (Fey  Foy ) 2 @t(e. (Fey s Fop ))dee (o) Fe, )
forall F, , F,, € L”(C),
Such that 6 (F,, (t) , F,,(t)) = 0 forall t € E.
We define o: L*(C) x L®(C) - C,by ©(F,, F,)=
{1}, , ift €E 0(F,(t) F,(®) 20,
0, Otherwise
Thenforall F, , F,, € L”(C), we have
(OC (F€1’ T F€1) x (Fez' T Fez)) d:*(TF% ’ TF@z)
<at(dc.(F,, F,)) dc.(F,, F,)a
Obviously, T is triangular «« —admissible. From (b) there is
F,, €L(C),suchthat o (F,, T F,, )=IcandF,, €
L*(C)suchthat « (F,,, T F,,)) = I¢
By (d), we have that for any cluster point F,r of a sequence
{F, YL*C)withe(F,, F, )=I¢
and lim inf « (F,,, F,)= Iz Byapplying Theorem

n—-oo
3.3, T has fixed pointin L*(C) . Also F,» €L*(C) isa
solution of BVP (3).
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111. CONCLUSION

In the paper we introduced new notion called triangular o< -
Admissible mapping. Subsequently, we proved some Fixed
point theorems and Examples.
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