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Minimum Covering Gutman Energy of
Unitary Cayley Graphs

Roshan Sara Philipose, P.B. Sarasija

Abstract--- In 2012, ChandrashekarAdiga et.al introduced the
notion of a novel kind of graph energy called minimum covering
energy, depending on the underlying graph aswell as its
particular minimum covering set C. The concept of minimum
covering Gutman energy was put forward in [4]. In this paper, we
bring the notion of minimum covering Gutman energy of unitary
Cayley graphs, that can be defined as the absolute sum of
minimum covering Gutman eigenvalues obtained from minimum
covering Gutman matrix of Unitary Cayley graphs, denoted by
ACg(Xn)-
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I INTRODUCTION

In this paper, we consider finite, simple connected graph.
In 1930s, a methodfor
determiningapproximatesolutionsofSchro dingerequation of
unsaturated conjugated hydrocarbons was introduced by the
German scholar Erich Hu"ckel.Such a method is now termed
as the Hu ckel Molecular Orbital (HMO) theory. For further
detailed study of HMO theory,see [2]. The concept of graph
energy was thus framed by I.Gutman, motivated by HMO
total - electron energy [3]. But this cannot be restricted to
molecular graphs only; we can extend this to establish new
mathematical results.C.Adiga et.al.[1] defined the minimum
covering energy of a graph.

In this paper, we determine the minimum covering
Gutman matrix of unitary Cayley graphs and consequently
its minimum covering Gutman energy. Detailed studies
onGutman matrix,Gutman Energy andGutman index of
Unitary Cayley graphs can be found in [4,5,6].

Let G be simple connected graph with V as vertex set.
A minimum covering set C is any subset of V with
minimum cardinality such that
atleastonevertexofCisincidentwitheveryedgeofG.Thenthe
minimum covering GutmanmatrixofGcanbedefinedasann
XN matrix.

1ifi=jandvjeC
0,ifi=jandvj¢C
djd jdijj, otherwise

Acy (G) = (i), where g; =

whered;andd;
denotethedegreesofverticesv,andvjandd;denotethesh
ortestdistancebetween
the verticesviandv;.Obviously,

issymmetricwithitsrealeigenvalues

Acg(G)
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p1=p2=- - =pp. ThustheminimumcoveringGutmanener
gyistheabsolutesumoftheeigenvaluesobtainedfromthech

aracteristic equation det (p 1 — Acg (G)) =0.

n
i.e,GEc(G) = ) _|pil.
i=1

The unitary Cayley graph X,(n>1) with V(X,) = Z,
={0,1,...,(n-1)}.

E(Xn) = {(a,b);gcd(a—b,n)=1, a,b €Z,}.(view [3] for
more details).

In thefollowingsection,wedeterminetheminimum
coveringGutman  energyofunitaryCayleygraphs X,
forpossiblevaluestakingfourcases ofn
(i)nisprime(ii)n=2% a>1(iii)nisevenandhasanoddprimed
ivisor (iv) n is p?and 3p,p is prime.

I.  MINIMUM COVERING GUTMAN ENERGY
OF UNITARY CAYLEY GRAPHS

Theorem 2.1. For a Unitary Cayley graph X, with
minimum covering set C, the minimum covering
Gutman energy is given by

1. p(p-2°+

Jo(0-22 + (-1 +4p-2(0%(p-22 +20(p-7 # ) if n
is prime p.

n
2. (E -1)@n*-1) +1,ifn= 2% a>1,

3 (2
)

2 2

J(”_S’Zm—l)z ”{(n_S)Z(n_l)HJ+[<”—2>2 .

, if n = 2p, where p# 3 is prime.

4. (a) 4p(p-1) ¢(n)2 - p? +3p -2, if n is p> where p is
prime.

®) ¢(n)? (@ - 12 +n)
+2,n is 3p where p is
prime.

PROOF. Let us prove the theorem taking 4 cases of n.
Let X,be the unitary Cayley graph with vertex set V =
{Vv1,Va,...,vn}. Let d; and d; be the degrees of vertices v;
and v; respectively. Also,djdenotes the shortest distance
between the vertices v; and v;.
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Case 1: nis prime

Let C = {vi,Va,...,vn.1} be the minimum covering set.
Since nis prime p, X,is complete. So, d; = d;= p-1 and d;=
1, for all vi=v; Then by the definition of minimum
covering Gutman matrix, Acg (G) is given by

Lifvi=vjandvjeC

@) =10,if vi=vjandvj¢C

(p —l)2 ,otherwise
Thereforethe characteristic equation is

(A+p (p-2) )( A%~ (p(p-2)* + (p-D) A - (p-1) (P(P-2)(P(p-
2)+2)+1) =0,

whichgives the minimum covering Gutman eigenvalues is
p(p-2) ((p-2) times) and

(p(p-22+ (0-0) £ (p(p-22 + (-2 +4(p-(p%(p-22 + 20(p-2) 41

2
This gives the minimum covering Gutman energy , GE¢(X,)
is
(P-2)lp(p-2)I+|

2

(0(p-22 +(p-D) £\ (p(p-2% + (p-1)? 2

2
|.=p(p-2)*+

Jpp-22 +(p-1)2 +4(p-1)(p2(p-22 +2p(p-2) 1

Case 2:n= 2% a>1,

This condition of n gives a vertex partitionto the vertex
set V(X,) = AU B = {vi,V,...vn1}U {Vo,V4,...,vp}.Further,
Xn is complete bipartite. So, for vi#v;,d;j = 1 when vi€ A, v;.
€ B orvice versa and djj = 2 when both v; and v; are in either
A or B. Then the minimum covering Gutman matrix, Acy(G)
is given by
Lifvi=vjandvjeC

0,if vi =vj andvj ¢C

(gij)= n2 if dd 1
—,ITVj #Vjanddjj =
o TVi#vjanddi;

2

n< .
—ifvi2vijanddj =2
4 | J |

Therefore the characteristic equation is

n_q n_1
22 2 )2
i+ Ha+sg] |

2 2

4 2
2_2(nh_ AL 0+ 0a-3 | =0.
[i (n [2 1j+1)/1+ a1 (h—4)@Bn-4)+ > (2 3)}

This gives the minimum covering Gutman eigenvalues is
2

Dl times

212
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2
[n__ ] (ﬂ—ltimesj and
2 2

2 (4 2
(n2[2_1j+1]i (n2[2—1j+1J —4[L(n—4)(3n—4)+nz(2n—3)

2
As aresult, GE¢ (X) is

Sy

n
2 4 2
(nz(g—ljﬂji [n2[2—1]+1j —4{L(n—4)(3n—4)+nz(2n—3)]

2
2

:(g_lj (2n*-1) + L.

Case 3:n is even and has an odd prime divisor.
This case also gives us the bipartite graph by the

2
4D (p-29"+2p(P-2)+Y) hroperty of n. Then the vertexsetV(X,)hasthepartition

AUB = {vi,va,..., Vi }U{V2,V4,...,va}. Obviously,

d(vi,vj) = 1 for g(n) :[n_lj neighbours v; to v;. Since
2

Xn is bipartite, d(vi,v;) = 2 as there exists common
neighbours between some v; and v; For the reason that
Xn is not complete, there is the possibility of d(vi,v;) =
3.

Claim d(v;,v;) =3

Consider B =XUY such that X ={v;e B where viv;e
E(Xn)} and

Y={vieB where viv;¢E(X,)}. We know that

$(n) {9—

2
1. Let xeX,vje Y. Then v; is adjacent to x. Since x e X
and v;e Y, there should exists a common neighbour z
of x and v; so that d(v;,v;) = 3.

Thus, in general,for v;# v;,di; = 1 when both v; and v;
are either in A or in B,d;; = 2 when gcd(i-j,n) = 1 and
dj = 3 when gcd(i-jn) # 1. Then our
minimumcovering Gutman matrix Acy(G) follows:(gj)

1) neighbours of v; are in B with d(v;,v;) =

Lif vj =Vj andvj eC
= 10,if vj =Vj andvj ¢C

n 2.
(5—1] Jif vj #Vj and dij =1

n 2.
2.(5—1j Jif vj #Vj anddij =2

n 2.
3.(§—lj Jif vi #vjand djj =3
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In particular,when n =2p (p #3), the characteristic
equation is
L _

2 2 3 =
[Az - 3)[WH 2 [/12 . [”—;2] +1Jz . %(%(n ~2)(n1-8)+16)

0.
Then the minimum covering Gutman eigenvalues
obtaining are

2
—(-3-1¢ [n-3%(-12 +4 Lﬁn—lﬂl
2
(E —1) times and
2
2
2 2 3
(n-22) 1|+ (”‘22) o1 -4 g _p)n-g)+16
2

Hence GEc(Xyp) is

2 3
(g‘lj\/(n—mz(n—l)z+4[(”‘3) ;”‘1)”}[‘”‘22) +1]

(p# 3).
Case 4: n is odd but not prime.
Let C ={v;iie U}
Here,for vi#v;,
{d (vi,v j)=1whenged(i - j,n)=1

d(vj Vi )=2whengcd(i — j,n)=1

Therefore, the minimum covering Gutman matrix Acy(G)
follows:
Lifvi=vjandvjeC
0,if vj =Vj andvj ¢C

@) = Jp(n)2,if vj v j and djj =1

24(0)2,if vi #v j and dij =2

Particularly , let us consider two conditions here (a) n = p?
and (b) n = 3p.

2 _ 2
(a)For n = p?, the spectrum is (_2¢(”) J 1=2¢(m* |
-1 ) (p-1?
(p-29(m? | (1+(p-26? | 3ng
1 p_2

1
(b) Similarly when n = 3p, the spectrum is

[1+<p+2)(p—1)¢(n)2}
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(_3¢(n)2j 1-34(n)2

(OM L j[ (p—3)¢(n)2]
b p-p?) AP :

[ 1+ (p—3)¢<n>2J and [<n+ P2 +1}_
1 1

Finally, the minimum covering Gutman energy, GEc(

X §)is
- 26(0)2| (p-1)+(p-1)? [1-260) )| + (P2 42 | +(p-
p-1)+(p-1)7 1290 %] + [(p-2) $()? | +(p

2)|(1+(p-2) #M2 |+ 1+(p+2)(p-1) $()2 |
= 4p(p-1) ¢(n)2 - p* +3p -2 and analogously, GE¢(Xsp) is

#(n)2 (9p -12+n) +2.

I1l. CONCLUSION

In this paper, we observed minimum covering
Gutman matrix and minimum covering Gutman energy
which we presented in a conference. With these ideas,
wedetermined here the minimum covering Gutman
energy of Unitary Cayley graphs X,for possible values
of n.
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