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On Le- Ternary Semi groups-II

C. Sreemannarayana, D. Madhusudhana Rao, P. Sivaprasad, M. Sajani Lavanya,
K. Anuradha

Abstract: The ternary semi group of all bi-ties (K) of le-ternary
semi group K is a band iff K is both regular as well as intraregular.
Here, we show (K) is a band iff it is normal band. Our main aim
to prove (1) Suppose K be an le-ternary semi group. Then
(KY(K)RK) < BK). Moreover, K is regular, then (k) =
(K)(K)#K). (2) Let K is a regular le-ternary semi group. Then
(K), (K), &#4K) are bands. (3) An le-ternary semi group K is
regular as well as intraregular iff (k) is a band (4) Suppose that K
be an le-ternary semi group. Then K is both regular as well as
intraregular iff (k) is a normal band. (5) An le-ternary semi
group K is left duo iff kle < lek < ekl for all k, 1 € K (6) An
le-ternary semi group K is duo iff kle = lek = ekl for all k, | €K. (7)
An le-ternary semi group K is regular left duo iff (k) is a left
normal band. (8) An le-ternary semi group K is regular right duo
iff (K) is a right normal band.

Mathematical Subject Classification: 06F99, 06F05, 20M10.

Index Terms: duo, regular, bi-ideal element, intra-regular, locally
testable, normal band, and regular

I. INTRODUCTION

In commutative rings the ideal theory was observed by W.
Kurll. In 1952 the structure of the le-semi group introduced
by R.A. Good and D.R. Hughes. Here, we characterize the
le-ternary semi group K such that (K) is in each of the
sub-varieties of normal bands.

Il. PRELIMINARIES

Definition 2.1: An le-ternary semi group M is a structure
(M, [1. A, V,e) 3 (M, []) is aternary semi group, (M, A, V,
e) is a lattice with e which is known as greatest element and
forallp, g, r,s €M, [ pq(r Vs)] = [par] V[ pas], [p(r Vs)q] =
[pra] V[ psq] and [(r Vs)pa] = [rpa] V [spq]. In this paper M
will stand for le-ternary semi group and tie means t-ideal
element, unless otherwise stated.

Example 2.3: Let M be a po-ternary-semi group. Let M; be
the set of all ideals of M. Then
(Mg, S, U, N) is a le-ternary-semi group.

The relation < on the set M is defined by for p, g € M, p<q
if p V q =q. Here the ternary operation is distributive over
the lattice join, then < is compatible with the ternary

operationin M, i.e,,V p,q,r,SEM,p<q= rsp<rsq, rps<
rgs and prs <qrs.

Revised Manuscript Received on December 22, 2018.

C. Sreemannarayana, Research Scholar, Department of Mathematics,
KL University, Vaddeswaram, Guntur(Dt), A.P. India.

D. Madhusudhana Rao, Department of Mathematics, VSR & NVR
College, Tenali, Guntur(Dt), A.P. India.

P. Sivaprasad, Department of BSH, VFSTR’S University, Vadlamudi,
Guntur, A.P. India.

M. Sajani Lavanya Department of Mathematics, AC College, Guntur,
A.P. India

K. Anuradha, Department of Mathematics, Andhra Loyola College,
Vijayawada, A.P. India

Retrieval Number: ICETESM38|19 ©BEIESP

168

Definition 2.4: An element m of M is known as regular if m
< mem, and intraregular if m <em®. If v k € M is regular
(intraregular) then le-ternary semi group M is defined to be
regular(intraregular). Thenk is

(1) aternary sub semi group if k> <k;

(2) alefttieifeek <k

(3) alateral tie if eke <k

(4) aright tie if kee <k

(5) a bi-tie if it is a ternary sub semi group element and
kekek < k.

Definition 2.5: Letm € M. Then n=mV m®V memem is the
least bi-tie in M 3 m<n. We call mV m* V memem the bi-tie
generated by m, and denoted this by Zm). Thusme Misa
bi-tie iff Zm) =m.

Definition 2.6: A ternary semi group K is known as regular
if d € K there exist t € K such that d = dtd and K is called a
band if d® = d for all d € K. A band K is right normal band if
for all defgh = efdgh = fdegh. A band K is left normal band if
for all defgh = deghf = dehfg. A band K is normal if for all d,
e, f, g, h € K, defgh = dfgeh = dgefh. A ternary sub semi
group J of K is called bi-ideal of K if JKIKJ € J. A ternary
semi group is known as locally finite if each finite generated
ternary sub semi group if finite. A ternary semi group in
which for all idempotent g € K, gKg is semi lattice and which
is locally finite is known as a locally testable ternary semi
group.

Lemma 2.7: A regular ternary semi group K is locally
testable iff gKg is a simulative for all idempotent g € K.

I1l. BI-T-IDEAL ELEMENTS (BI-TIE) TERNARY
SUB-SEMI GROUP

The set of all left, lateral, right & bi-ties of K are denoted
as £(K), Z4K), #(K) & HK) respectively, then all the sets
are non-empty because e is a left, lateral, right and bi-tie of K.

Th 3.1: Suppose K be a le-ternary semi group, then K
is regular iff the set of all bi-tie ternary semi group (K) is
regular.

Proof: Let Kisregular, k € (K). Therefore k is a bi-tie, kekek
<k. Other side, k <kekek form the regularity of K. Hence we
get k = kekek and hence k is a regular element in (K), here, e is
also bi-tie in K.

Again, let (K) is a regular ternary semi group. Consider, j
€ K, then %) =j V j®V jejej € BK) and hence j € #K)
suchthatj Vj° V jejej =4 ViV jeiej kG VJ° V jejej kG V j°
Vjejej ) < ( ViV jejej JeG V i° V jejej Je( V i° V jejej ) <
jejej. Therefore, j < jejej. Hence K is a regular le-ternary
semi group.
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Suppose K is a regular le-ternary semi group, then for very k
€ K, k < kekek = k® < kkkekek < kekek. Therefore, the bi-tie
(k) generated by k reduces to the form (k) = kekek.
Therefore, in a regular le-ternary semi group K, an element j
€ K is a bi-tie iff j = Imr for some left tie, lateral tie m and
right tier.

Th 3.2: Suppose K be an le-ternary semi group. Then
(K)(K)#HK) € #k). Moreover, K is regular, then (k) =
(K)(K)#AK).

Th 3.3: Suppose that K is a regular le-ternary semi group.
Then (K), (K), &#(K) are bands.

Th 3.4: An le-ternary semi group K is both regular as
well as intraregular iff (k) is a band.

Th 3.5: Suppose that K be an le-ternary semi group.
Then K is regular as well as intraregular iff (k) is a
normal band.

Proof: assume k, I, m, n €k). Then (kIk)(kmk)(knk) =
kl(kkmkk)nk < kl(onk) < klk. Similarly, (klk)(kmk)(knk) <
kmk and (kIk)(kmk)(knk) <knk. Hence (kIk)(kmk)(knk) < (klk)
A (kmk) A (knk). Now let v = (kIk) A (kmk) A (knk). Then, v
< klk, v<kmk & v <knk. Since K is both regular as well as
intra-regular, therefore, (k) is a band.
Now, vevev = (klk A kmk) A knk)e(klk A kmk) A knk)e(klk A
kmk) A knk)
=(klkeklk AklkekmkAklkeknk Akmkeklk A
kmkekmkAkmkeknkAknkeklk Aknkekmk A
knkeknk)e(klk A kmk) A knk)
=klkeklkeklk Aklkeklkekmk AklkeklkeknkA
klkekmkeklk Aklkekmkekmk AklkekmkeknkA
klkeknkeklk Aklkeknkekmk Aklkeknkeknk A
kmkeklkeklk Akmkeklkekmk AkmkeklkeknkA
kmkekmkeklk Akmkekmkekmk Akmkekmkeknk
Akmkeknkeklk Akmkeknkekmk Akmkeknkeknk
Aknkeklkeklk Aknkeklkekmk Aknkeklkeknk A
knkekmkeklk AknkekmkekmkAknkekmkeknk A
knkeknkeklk Aknkeknkekmk A knkeknkeknk
<klk Aklkeklkekmk Aklkeklkeknk Aklkekmkeklk
Nklkekmkekmk Aklkekmkeknk AklkeknkekIk A
klkeknkekmkAklkeknkeknk AkmkeklkekIkA
kmkeklkekmk Akmkeklkeknk AkmkekmkekIk A
kmkAkmkekmkeknk AkmkeknkekIk A
kmkeknkekmk Akmkeknkeknk Aknkeklkeklk A
knkeklkekmkAknkeklkeknk Aknkekmkeklk A
knkekmkekmk Aknkekmkeknk Aknkeknkeklk A
knkeknkekmk A knk
<klk A kmk A knk =v implies that v € B(Kk) implies
that v = v® < (kIk)(kmk)(knk). Therefore, (klk) A (kmk) A (knk)
< (klk)(kmk)(knk) and hence (klk) A (kmk) A (knk) =
(k1K) (kmk) (knk).

Then k(k)k = { klk /| € B(k)} is a semi lattice for all | €
HK). Hence, (k) is a locally testable ternary semi group.
Since a locally testable ternary semi group is a band iff it is a
normal band. Therefore, (k) is a normal band.

Converse of the th will prove from th 3.4.

Definition 3.6: A partially ordered ternary semi group K is
known as left (right) duo if every left (right) t-ideal of K is a
right (left) t-ideal of K and K is known as duo if K is both left
and right duo.
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Th 3.7: An le-ternary semi group K is left duo iff kle < lek
<eklfor allk, | € K.

Proof: Suppose K is left duo & k, | € K. Then the left t-ideal
(Kl ={p € K/ p <Imk for I, m € K} generated by k is a right
t-ideal. Hence kle €(k]; = there is some m, n € K 3 kle <mnk
= that kle < lek. Similarly we can show that the remaining
parts. Therefore, kle <lek <ekl .

For the other part, Suppose £ be a left t-ideal of K & k €
L. Thenv g, r e K, askgr <kge <ekq € L = kgr € L. Thus
Lisaright t-ideal of K and hence K is left duo.

Th 3.8: An le-ternary semi group K is duo iff kle = lek =
ekl for all k, | € K.

Let K is a regular left duo le-ternary semi group. Then
V k € K, k < kekek < (kee)ekek < ek’e shows that K is
intraregular. Hence,(K) is a band.

Th 3.9: An le-ternary semi group K is regular left duo iff
(k) is a left-normal-band.

Proof: Assume that K is regular left duo. Then (k) is a band.
Letk, I, m,n, p € (k). Then kimnp = (kimnp)(klmnp)(kimnp)
= kkkImnpklmnpklmnp < kk(kee)npkImnpkimnp
< kk(eek)npkimnpklmnp < kk(eke)npklmnpkimnp
< knpkImnpkimnp < Imknp. Similarly, Imknp
< mklnp = klmnp = Imknp.
Similarly  Imknp = mkinp implies that kimnp = Imknp =
mkInp and hence (k) is normal band.

Now, suppose that (k) is a left normal band. Then K is
regular. Also for every k € K, both eek and kekek are bi-ties
of K, therefore, (kee)(kee)(kee) = k(eek)(eek)ee < k < kee
which shows that K is left duo.

Th 3.10: An le-ternary semi group K is regular right duo
iff (k) is a right normal band.

Note 3.11: A band is a semi-lattice iff it is a left as well as a
right normal band.

Th 3.12: An le-ternary semi group K is regular duo iff (k)
is a semi lattice.

Th 3.13: If K is an le-ternary semi group. Then (K) is a
rectangular band iff K is regular & eke =elevV k, | € K.

Proof: Suppose (K) is a rectangular band, k, | € K. = (K) isa
band, hence K is regular. Therefore, (k) = kek & () = lel.
Then (k) = (K)(NB(K) = k <kek = (kek)(lel)(kek) <ele. Hence
eke < e’le? <ele. Similarly, (I) = (I)(K)B(I)

= ele <eke. Therefore, eke =ele Vk, | € K.

Conversely, If k € K. - Kisregular, hence k < kek < kekek <
kek®ek. Therefore, k < ek’e, hence K is a intraregular

and hence (K) isaband. By th. 3.4, now letk, | are two bi-tie
of K. =~ kisa bi-tie & K isregular, then kek =k and hence k =
kek = kekek = keklkek = klk and hence B(K) is rectangular
band.

IV. CONCLUSION

Since, we proved (K) is a locally testable ternary semi
group and hence a normal-band if K is both regular &
intraregular.
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