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Abstract--- Stress, strain and displacement-based analysis of
smart beam with debonding under actuation has been carried
out. In this regard variational formulation based finite element
modeling of a smart beam under actuation with debonding on the
top and a bottom piezo layer has been developed. To know the
proper functioning of the model, debonding at the center of the
span and one-third of the span at the top and bottom interfaces
between core and the piezo patches has been considered. Higher
order beam bending for both host and piezo layers has been
incorporated in the model. Due to debonding the number of
degrees of freedom increase according to the number of elements
considered along debonding portion. It can be observed that the
results exhibit symmetry about centroidal axis which guarantees
that the finite element model functions satisfactorily. Electric
field along longitudinal and transverse directions does not
change with regards to bonding and debonding in actuation. The
pattern of axial displacement, normal strain and normal stress
through thickness along span is found to be not affected by the
debonding in actuation which is contrary to sensing. Which
means the smart beam with debonding does not degenerate in
actuation for axial displacement, normal stress and normal
strain. The magnitudes of shear stress and shear strain at the
root are minimum as compared to the magnitudes at the tip of the
smart cantilever. However, the difference between bonding and
debonding with regards to shear stress and shear strain is
predominant at the root than at the tip. Which means the smart
beam does not degenerate in debonding with regards to shear
strain and shear stress.
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1.

INTRODUCTION

Active structures have been designed, fabricated,
analyzed and tested by various research organizations.
These structures have found their applications in structural
health monitoring, vibration and noise control, actuation and
sensing etc. The analysis needs formulation of electrothermo-elasticity-based
development
of
governing
equations. These equations can be derived by using the laws
of conservation of mass, momentum, angular momentum,
charge and energy [1-9]. The governing equations so
developed can be used to develop variational formulation.
To analyze complex geometries like smart cantilever
beams, finite element modeling based on variational
formulation has been carried out. The evolution of this
research field has matured enough to cover all the sub fields.
Analysis of debonding in smart structures has been of
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interest to the researchers as this phenomenon degenerates
the effectiveness of the structure.
The first thermo-elastic formulation was given by
Coleman [10]. Micro deformations and rotations have been
considered along with the laws of physics to formulate the
thermo-elastic problem. Tiersten [11] has assumed the solid
to be made up of material and electronic continuum which
separate from each other under the application of external
electric field. Laws of conservation of charge, mass,
momentum, angular momentum and energy have been used
to develop governing equations and boundary conditions.
Ahmad et al. [12] has based his electro-thermo-elastic
formulation on the pattern of Tiersten and has given the
governing equations and boundary conditions in a use full
form. The governing equations have been used to develop
variational formulation for electro-thermo-elasticity. The
interaction between electric field and polarization has been
brought about. Ahmad et al. [13] has brought about
difference between actuation and sensing by presenting
induced potential, deflection, stress and strain in sensing and
actuation respectively in a smart cantilever. Crawley and
Luis [14] have designed and analyzed smart beam for
actuation and sensing. It was found that discrete piezo
patches effectively control the shape of a smart beam. The
results have been correlated with known results. Zhang and
Sun [15] have given analytical model for the analysis of
smart beam in extensional and shear actuation beam. It has
been shown that shear mode actuation is superior than
extensional mode actuation. This is due to the reason that
piezo material being brittle, therefore it cannot sustain
normal stresses.
The recognition of importance of modeling and analysis
of debonding in smart layered/composite structures has been
that of a later stage. Tadashige et al. [16] have presented
linear and nonlinear mathematical model for the analysis of
a pair of partially debonded layers of a smart beam using
Timoshenko beam theory. Bending and extension behavior
for static conditions has been investigated. Strain
distribution in the debonded region shows that the cracks in
the actuator may occur before buckling in the extension
mode.
Liyong Tong et al. [17] have presented the analytical
method for sensing and actuation analysis of smart beam
with debonding. Using classical beam theory, the analysis
has been made based on axial and transverse beam theory.
The stresses transferred through adhesive layer have been
considered zero. It has been shown that debonding can have
remarkable effects on internal forces, strains and frequency
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spectrum. Axial force, shear force and bending moment
along span are different for debonding as compared to fully
bonded beam. End debonding has more effect on tip
deflection than debonding at the middle of the span. Sun et
al. [18] have analyzed the control stability of a debonded
beam in actuation. From a bending extension model,
characteristic equation of the beam controlled by partially
debonded actuator and sensor layer has been derived. It has
been found that even small edge debonding destabilizes the
beam whereas in sensing the beam exhibits stability. Butt
and Ahmad [19] have presented variational formulation for
modeling the debonding in a smart cantilever. The beam has
been analyzed in sensing mode under mechanical load.
Since the cantilever is under a bending moment which varies
from zero at the tip up to a maximum value at the root, the
induced potential varies from least value at the tip to a
maximum value at the root. The debonded beam has been
shown degenerating under sensing of a mechanical load.
In most of the research works quoted above, electric
potential has been assumed to be linear function of thickness
coordinate. This decouples the bending induced voltage
generated in the piezo patches. Moreover, classical beam
bending elements or Timoshenko beam bending assumption
has been incorporating in analyzing the smart beam.
Whereas in the present study electric potential has been
assumed to be quadratic function of thickness coordinate as:
(1)
This couples the bending and induced electric potential.
The objectives of this study are:
1. Development of electro-thermo-elastic formulation for
the analysis of actuation of a smart beam with symmetrically
induced debonding between interfaces at the mid span.
Based on this formulation variational formulation
development results in finite element formulation.
2. Axial/transverse displacement, stress and strain
computation of a symmetrically debonded smart beam in
actuation.
2.

electrostatic force and gravitational force to be equated to
inertial force. The equation can be written as:
(2)
Where σlm is stress tensors, E is the electric field vector, P
is the polarization per unit volume, B is the gravity force per
unit volume, v is the velocity vector and ρ is the density of
the polarized medium. Stress tensor has two parts symmetric
and anti-symmetric. The antisymmetric part is:
If polarization vector is in same direction as electric field
vector, then antisymmetric stress tensor vanishes. In the
present debonding analysis
.
The conservation of charge results in electrostatic
equation as;
, where D is the electric displacement
vector. Electric field and electric potential are related
⃗ ϕ.
as. ⃗
The thermal equilibrium equation for quasi-static
deformation without heat generation is given as;
,
where q is the heat flux vector.
2.2. Constitutive equations
Equilibrium equations alone are not sufficient for finding
all the unknown quantities at a point in a polarized medium
i. e, six stresses, six strains, one temperature, three heat
fluxes, one electric potential and one entropy. The
conservation of energy results in following constitute
equations;
(3)
(4)
(5)
2.3. Variational formulation
The static variational formulation is obtained by
integrating over volume the equilibrium equations
multiplied by their respective variations as:

MATHEMATICAL MODELING

∭(

Based on laws of physics i.e., conservation of momentum,
angular momentum, charge, mass and energy, the governing
equations have been developed. These governing equations
are equilibrium equation, electrostatic equation and heat flux
equation. Besides this there are constitute equations. The
equilibrium equations have been integrated with respect to
their variational variables to develop governing equations
and boundary conditions. The governing equations have
been used to develop finite element modeling for the
analysis of debonding in smart beam in actuation mode. The
four noded model finite element contains four axial degrees
of freedom per node, three electric potential and one
transverse displacement degrees of freedom per node. It
makes a four noded element with eight degrees of freedom
per node. This generates a stiffness matrix of the order of
32x32 for polarised medium and 20x20 order for nonpolarised medium.

)

∭

Using Gauss divergence theorem
∭

∭

∬

(7)

Where Ti represents the traction force per unit area of
surface S.
3.

BEAM MODEL

The debonded beam model shown in Fig.1 has been
chosen for actuation analysis. The cantilever has aluminum
core and PZT-5H full length piezo patches assumed to be
brazed at the top and bottom of the aluminum core. The
polarization axis in both the top and bottom patches is in the
positive z-direction. The piezo material is transversely
isotropic, and the aluminum core is isotropic. Higher order
beam theory has been used for both core and piezo layers.
The constitute equation for the piezo material is as:

2.1. Electro-thermo-elastic equilibrium equations
The conservation of momentum at a point in polarized
medium leads to summation of mechanical force,
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{

}

(8)

}{

{
Where
refers to components of dielectric permittivity
tensor. eij refers to piezoelectric constants and cEij refers to
elastic constants. Each x−z layer of the beam has been
assumed to be in the state of plane strain with normal stress
in the z direction as zero.
3.1. Reduced constitutive relations
Each x−z layer being assumed in the state of plane strain
with normal stress z = 0 being zero, leads to; yz =xz =y
= 0 and z = 0 in each layer. This leads to following
reductions in the constitutive equations;
(9)
(10)
(11)
(12)
Where c*= (c33-(c132/c11) for both piezo and metallic
materials and
e*= (e33- e31 c13/c11) for piezo-material.
3.2. Finite element formulation
A four-node finite element beam bending element has
been chosen for the analysis. Each node has four axial and
one transverse degrees of freedom for both piezo and nonpiezo materials. Exclusively for piezo material, three
degrees of freedom per node for electric potential have been
chosen. This makes a 32x32 order finite element model for
the piezo material and 20x20 order stiffness matrix for the
non-piezo material. Implementing the assumptions
∑

(13)

∑

(14)

And transverse displacement
∑

(15)

}

the beam is unity. The interfaces between piezo patches and
core material have been assumed to be grounded. The tip
deflection found in actuation of 10Volts has been found to
be 5.914×10−7m. This value is near with the available results
from literature. The convergence test has been carried out
which has been found satisfactorily working beyond four
elements along span.
4.

RESULTS AND DISCUSSION

DE-BONDED BEAM MODEL
For the analysis of debonding in a smart cantilever in
actuation mode, the interfaces between piezo patches at the
top and bottom have been assumed to be debonded for a
portion of one third of the span situated at the centre of the
length of the beam. This type of model checks for the
behaviour of the beam under actuation mode when the
debonding has been placed at the top and bottom interfaces
of the beam symmetrically.
4.1 Electric field in actuation
The top and bottom surfaces of the smart cantilever
Fig. 1 have been actuated uniformly by 10 Volt and the
interfaces between piezo patches and the core have been
grounded. It means along x direction the electric field given
by Exx = − (∂φ)/(∂x) has zero values at all entries as (10 Volt
-10 Volt) difference is equal to zero. Therefore, there is no
meaning of plotting electric field in x direction. In
the z direction, the electric field given by Ezz = (∂φ)/(∂z) will be having same entries at every nodal point for
bonding and debonding cases because everywhere (10Volt-5
Volt) difference is the same. So, there is no meaning of
plotting the electric field in z direction. Overall the electric
field values in x and z directions are same for both bonding
and debonding cases. Hence debonding cannot have any
effect in actuation with regards to electric field.

Where
,
and
are the nodal degrees of
freedom in Ij -th element in the l-th layer.
3.3 Validation of finite element model
For validation of the finite element model following
dimensions of the aluminum cantilever, fully patched at the
top and bottom surfaces with PZT-5H material have been
given. The polarization axis in both the piezo patches has
been assumed to be in positive z-direction. Beam length,
L=100mm Aluminum Core thickness, t=16mmPiezo layer
thickness, t=1mmApplied voltage at the top and bottom
surfaces has been uniformly taken to be 10Volts. Width of
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4.2 Axial and transverse displacement field in actuation
The difference between transverse deflection between
bonded and debonded beam is not pronounced. Same is the
case with the axial displacement and Fig. 2. It means from
the point of view of axial and transverse displacement, the
debonded beam does not degenerate in actuation. The reason
being that the top piezo full-length patch expands and
bottom one shrinks without applying any shear force at any
location of the beam to generate shear stress in the zdirection. It means the beam is under uniform pure bending
moment from root to the tip. Therefore, no difference
between bonding and debonding case is felt in
transverse/axial displacements under actuation of 10Volts
uniformly applied at the top and bottom piezo surfaces
keeping interfaces between piezo and core surfaces
grounded.

Fig. 3. Normal Strain in De-bonded Beam in Actuation
4.4 Normal stress in actuation
As observed from the Fig. 4, the normal stress in bonding
case has major discontinuity at the interfaces due to material
properties being different between piezo and core material.
From constitutive equation, it can be observed that normal
stress depends on normal strain multiplied by the material
properties and added to the electric field (multiplied by the
dielectric properties of piezo material in z-direction).
However, there is no difference between normal strain
between bonding and debonded case because strain depends
on the difference between displacements divided by the
elemental length. The finite element model used in this
research ensures the continuity of strain at the interfaces
which ensures the proper functioning of the finite element
model. Since in actuation every longitudinal element is
subjected to pure bending therefore the effect of debonding
on normal stress does not show any variation.

Fig. 2. Axial Deformation in De-bonded Beam in
Actuation
4.3 Normal strain in actuation
Strain is purely dependent on displacements in axial and
transverse directions. Since these displacements are similar
between bonding and debonding in actuation therefore
normal strain too remains unchanged. This can be noticed
from Fig. 3
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4.6 Shear stress along thickness in actuation
Fig. 6 shows the variation of shear stress through
thickness from root to the tip at various locations on the
span of the smart cantilever for both the bonded and
debonded beam. It can be observed that the shear stress
effect due to debonding is more predominant near root than
it is at the tip. At the centre of the debonding portion along
span, shear stress effect due to debonding is seen more than
at the extremes of the debonding length. The magnitudes of
shear stress at the root are negligible as compared to the
magnitudes of shear stress at the tip. However, the
difference between shear stresses with regards to bonding
and debonding actuation at root is more as compared to that
at tip of the smart beam. The reason for this is that shear
strain increases from root to the tip in sensing.

Fig. 4. Normal Stress in De-bonded Beam in Actuation
4.5. Shear strain in actuation
It can be noted from Fig.5 that with regards to shear strain
the effect of deobnding is more towards root and at mid span
of the beam than at the tip. The debonding effect is least at
the tip about to the shear strain. At the interfaces for the
portion of the debonding, the shear strain is zero where as it
increases for same interface in bonded case.

4.7 Shear stress along span in actuation
Referring to the Fig. 7 it can be noticed that the
magnitude of shear stress at the interfaces between piezo
and core layers increases in the positive sense from two
third of span onwards. The shear stress along span at the
middle of the core increases in the negative sense from two
third of span onwards. This behaviour is seen despite the
fact whether the case is fully bonding or debonding. Since a
mechanical shear force is missing in actuation from root to
the tip therefore the magnitude of shear stress is negligible
up to two third of the span at interfaces as well as at the mid
layer. From two third onwards of the span the shear stress
grows at the interfaces as well as at the mid layer only due
to the reason that the magnitude of the shear strain increases
at higher rate toward tip of the beam in actuation.

Fig. 6. Shear Stress in De-bonded Beam in Actuation
Fig. 5. Shear Strain in De-bonded Beam in Actuation
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5.
6.
7.

8.

9.
10.
11.

Fig. 7. Shear Stress along Span in De-bonded Beam in
Actuation
5.

12.

CONCLUSION

13.

The analysis of a smart cantilever beam in actuation mode
with debonding at the top and bottom interfaces between
piezo and core materials symmetrically located at the centre
and one third portion of the span has been carried out. The
variation in axial displacement/strain/stress and shearstrain/stress through thickness and along span for bonding
and debonding of smart cantilever has been presented under
electric actuation. The following are the conclusions of the
analysis;
1. Since the smart beam is under actuation of 10Volts
uniformly at the top and bottom free surfaces while
interfaces between piezo layers and core of the beam
have been grounded, there is no difference between
axial and transverse electric field in the bonding and
debonding cases for electric actuation.
2. Since the smart beam under 10Volt actuation comes
under constant bending moment from root to the tip
therefore here is no difference between axial
displacement, normal strain and normal stress for
bonding and debonding cases. Hence the smart beam
with debonding does not degenerate with regards to
axial displacement, normal strain and normal stress
under electric actuation.
3. Magnitude of shear stress and shear strain is lowest at
the root and maximum at the tip of the smart
cantilever. However, the difference between shear
strain and shear stress is more at the root and less at
the tip between the bonding and debonding cases
under electric actuation. This means the smart
cantilever does not degenerate in debonding with
regards to Shear strain and shear stress in actuation.
This is contrary to a smart beam with debonding in
sensing with mechanical load.
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