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l. INTRODUCTION & PRELIMINARIES

The fixed point theorems in metric spaces are
playing a major role to solve many problems in a
mathematical analysis. So the attraction of metric spaces to
a large numbers of mathematicians is understandable.

Altering distance function for self-mapping on a
metric space established by M. S. Khan in 1984 and it can
be expanded by M. Swalesh and S. Seesa [7] that they
introduced a control function which they called as altering
distance function in the research of fixed point theory.

In the year 1999, Molodtsov [11] initiated a novel
concept of soft sets theory as a new mathematical tool for
dealing with uncertainties. A soft set is a collection of
approximate descriptions of an object. Soft systems provide
a very general framework with the involvement of
parameters. Since soft set theory has a rich potential,
applications of soft set theory in other disciplines and real
life problems are progressing rapidly.

Maji et al. [8, 9] worked on soft set theory and
presented an application of soft sets in decision making
problems. Chen [2] introduced a new definition of soft set
parameterization reduction and a comparison of it with
attribute reduction in rough set theory. Many researchers
contributed towards many structure on soft set theory. [1,2].

M. Shabir and M. Naz [12] presented soft
topological spaces and they investigated some properties of
soft topological spaces. Later, many researches about soft
topological spaces were studied in [6,10,12,13]. In these
studies, the concept of soft point is expressed by different
approaches. In the study we use the concept of soft point
which was given in [4, 13].
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Definition 2.1: Let X be an initial universe set and E be a set
of parameters. A pair (F,E) is called a soft set over X if and
only if X is a mapping from E into the set of all subsets of
the set X,i.e. F: E —» P(X), where P(X) is the power set of

Definition 2.2: The intersection of two soft sets (F,A) and
(G, B) over X is the soft set (H,C), where C =ANB and
Ve € C,H(e) = F(e) N G(e).This is denoted by (F,A) N
(G,B) = (H,C).

Definition 2.3: The union of two soft sets (F,A) and (G, B)
over X is the soft set, where C = AU B and Ve € C,

F(e), ifee A—-B
G (o), ifeeB—A
F(e)uG(e), e€eANB

H(e) =

This relationship is denoted by (F,A) U (G,B) = (H,C).

Definition 2.4: The soft set (F, A) over X is said to be a null
soft set denoted by @ if for all € € A, F(¢) = ¢ (null set).

Definition 2.5: A soft set (F,A) over X is said to be an
absolute soft set, if for all c€AF(e) =X.

Definition 2.6: The difference (H, E) of two soft sets (H, E)
and (H, E) over X denoted by (H, E)\(H,E) , is defined as
H(e) = F(e)\G(e) foralle € E.

Definition 2.7: The complement of a soft set (F,A) is
denoted by (F,A)¢ and is defined by (F,A)¢ = (F¢A)
where F¢:A — P(X) is mapping given by F¢(a) =X —
F(a),Va € A.

Definition 2.8: Let R be the set of real numbers and B(R)
be the collection of all nonempty bounded subsets of R and
E taken as a set of parameters. Then a mapping F:E —
B(R) is called a soft real set. It is denoted by (F,E). If
specifically (F,E) is a singleton soft set, then identifying
(F, E) with the corresponding soft element, it will be called
a soft real number and denoted 7,3, etc.

0,1 are the soft real numbers where 0(e) = 0,1(e) = 1 for
all e € E, respectively.
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Definition 2.9: For two soft real numbers

IA

(i) 7

(i)  #>3,if #(e) > 5(e), forall e € E.

§,if #(e) <5(e), foralle € E.

(iii) 7 < §,if 7#(e) <5(e), foralle €E.
(iv) 7> 3§,if 7#(e) > §(e), forall e € E.

Definition 2.10: A soft set over X is said to be a soft point if
there is exactly one e € E, such that P(e) = {x} for some
x € Xand P(e') = ¢,Ve' € E\{e}. It will be denoted by %..

Definition 2.11: Two soft points %,, ¥y, are said to be equal
ife=¢"andP(e) =P(e')ie.x =y.Thus%, # j, & x #+
yore=+e'.

Definition 2.12: A mapping d: SP(X) x SP(X) - R(E)", is
said to be a soft metric on the soft set X if d satisfies the
following conditions:

™M1 d(%,,7.,) S 0forall %,,5,, €X,

(M2)  d(%,,,9.,) = 0ifand onlyif %, =7,,

M3)  d(%, Te,) = (T, %e,)  for - all
Xe,) Ve, €X,

M4 d(%e, 2,) 2 d(%e,,Te,) + d(Te, Ze,)

forall %,,, 3., Z., € X.

The soft set X with a soft metric d on X is called a soft
metric space and denoted by (X,d, E).

Definition 2.13 (Cauchy Sequence): A sequence {fz,n}n of
soft points in ()? &,E) is considered as a Cauchy sequence
in X if corresponding to every &3 0,3m € N such that
d(#,, %) 2 Evij=mie  d(%,%,;)—>0  as

i,j] = oo,

Definition 2.14 (Soft Complete Metric Space): A soft metric
space (X,d,E) is called complete, if every Cauchy
Sequence in X converges to some point of X.

Definition 2.15: A function YR, - R, is called an
altering distance function if the following properties are
satisfied.

i Yy =0et=0,
ii. Y is monotonically non decreasing,
iii. Y is continuous,

By s denotes the set of all altering distance function.

Definition 2.16: Let (X,d,E) be a complete soft metric
space for a self-mapping (f, @) with a nonempty set E(; ).
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Then (f, ) is said to satisfy the property P if E; .,y =
E (s foreach n € N.

Theorem 2.1 Let (X, d, E) be a complete soft metric space,
let ¢ € ¥ and Let mapping  (f,¢) : (X,d,E) - (X,d,E)
satisfies the following inequality:

U (¢ @), (F0)(5)] <
ayld(x,7,)] e [2.1.1]
Forall %,,7, € X, 0<a <1.Then (f, ) hasa unique
fixed point in §; € X and moreover for each S

X, limn—mo(ft (p)nj;ﬂ = }71*

Theorem 2.2 Let (X, d, E) be a complete soft metric space,
and Let (f,¢): (X,d,E) - (X,d,E) be a mapping such
that:

v|a (¢ 0@, . 0G)] < awld@,5.)]

B 2%, ED)+d(22,(F9) E)) A (50 0) (1) )+ 32 (5, 0) (1))
1+d(22.F.0) ED) +d (7 (F.0) (1))
. [2.21]

Forall %,,5, € X, @b >0,0 <d+2b < 1.Then (f,¢)
has a unique fixed point in §; € X and moreover for each
yﬂ € X! limn—mo(fﬂ ¢)n37u = y;

1. MAIN RESULTS
Theorem 3.1: Let a complete soft metric space (X,d, E),

we have { € ¥. Let mapping . 0): (X,dE) >
(X,d, E) satisfies the following condition:

v [a2(¢. 0@, 0 (5)] < @ wld(z,5,)]

By a2(£2,(£.0) ED)+d (22 (. 0) @) A5, (. 0) (F) )+ 32 (5, (F.0) (F) )
1+d(52,09) 50) +d (5, F.0) (Fu) )

.. (31.1)

Forall %;,5, € X, @>0, b >0, @+ 2b <1 Then
(f, ) has a unique fixed point in §; € X and moreover for
each , € X,lim,.,(f, 9)"9, = J;.

Proof: Let %} be any soft point in SP(X).
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Set 7= o)E) = (r& ))W)

%= (o) = (rP6D) L,
f}tln-‘—+11 =) (ffn) =
(f"”(ff))(pnﬂu) ——

Now consider
wlaz, z)] = wld (FoEL). o))

<a ‘IJ[d(xfn * fzn)]

(52 () Ja(wh (2, ) (25
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Since (( )) < 1 from (3.1.2). We have

my,q Y[d(Z7, %32 )] =0
From the result given that Y € W, we have
lim,e d(%1, %01 ) = 0

.. (3.1.3)

Now we will show that {%} } is Cauchy

sequence in X. Suppose that {%} } is not a Cauchy
sequence, which means that there is a constant
€, > 0 such that for each positive integer k, there

&xj@b

+ by

<ayld(E % )]

))Wt(w G'nt&ﬁef »T(k) and ln(k) with

+d (xlnll (.0 f;}nll )+ f (){#;%£)A> hn(k) > k such that

(B o) 2

(xln—1’fnn)+d(x/1n xilr-:-ll—l)

(fm(k) 1 J~Cn(k)) <€
by [d (=52, ’?fn) d(xpt &7 )a(=r, 20t )+a? (=g, {rqﬂ A= Angt 0

By triangle inequality

€9 < d(~m(k) J~Cn(k)) < CZ( ~m(k) ~m(k) 1) +

< m(k) n(k) m(k) m(k) 1

~ S an—1 ~ T ~m(k)-1 ~n(k)

auld(; 25,)] + L CANE )

Bl') {d(fg:—ll xln)-‘-d(fﬁln’fg-'-il)} &(xlrz 1’ xln) a(filn J'Z;ll'r-:--ll-l) d ~m(k) ~m(k)-1
1+d(%1 27 J+d(2) &) < (xlm(k)’xlm(k)q) T €

<awld(zp 2 )] + bld(=1 0, %) +
axAnnxAn+1n+1

wld(=, 2750 <

byd (%, %))
wld(=, %4,,)] <

[d(ﬁhn Thea)] <

(@ +b)wld(xr 2 %3,)] +

[d(x/ln E2 )]

@B yfa(e 2] <
[ (~ ~)711,;11)] ((T;,’)) d(x/'lo x/’ll)]
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Letting k — oo and using (3.1.3), we have

llmd( () J?n(k)) =€,

k—oo N Am@)’ " Ank)
...(3.1.4)
Similarly, we have
~m(k)+1 ~n(k)+1\ __
,lll_lfod( Am@+1’ ﬂn(k)+1) o
...(3.1.5)
. ~ ~n(k)
Putting X, = x/1 i ) and Yu =% ol in (3.1.1) we
have
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vld(z

vla(co(z

~m(k)+1 ~n(k)+1)] _

Amk)+1’ An(k)+1
) 00 (550)]

<ay [d (x;"(") e )]

mk)’ ln(k)

[d((F, )&, (F, @) TD)]

< ayldE;, 7))

YldE;, 5] =

25,(.0)(%3))+d(23.(£.0)(%3))-A(73.0£.0) (373) ) +3%(73.(F.0)

+ bllj [ 1+d(xl.(f.(p)(xl)) (yl'(fv‘ﬂ)(yl))

~2( m(k) ~m(k)+1) ~(~m(k) ~m(k)+1) n(k) 21O+ k g? ) on(k)+ k~ -
d (x)‘m(k)'x)‘m(k)+1 A\ om0 Amo+1 d k)’ ﬂnlla)[:d o f X*ﬁlkﬁc (vbtd j‘,yj‘

+ by

Vim0 mi +1

Using (3.1.3), (3.1.4) and (3.1.5) we have

m [d' (~m(k)+1 )~Cn(k)+1)]

Ami+1’ " An(i)+1

< imay |d (7%, 59| < apleo]

m(k) n(k)

Since @ € (0,1), we get a contradiction. Thus {%}.} is a

Cauchy sequence in the complete soft metric space X. Thus

there exist &; € X such that ¥ L DX}, noo.

Putting X, = X and y, = X; in (3.1.1) we have

pld (L, (F ) ED)] =
pd ()G, F.o @)

<ayld(z},%)]

v/ vl v/
Pap A7 Ty BT 75

147 B, 72 T, 47 T WM Ty

. . I .

Therefore

byld(%;, (f, @) (%))

Since b € (0,1), then y[d(%;, (f, ) ()] = 0,
which implies that d(%;, (f, @) (%;)) = 0.

wld(%;, (F, 9 ED)] <

Thus X3 = (f, @) (%;

Now we are going to establish the uniqueness of

~% A~k

the fixed point. Let X;, ¥; be two fixed point of

1_+_d(~m(k)  m(k)+1 ) ( _n(k) ~n(k)+1
An(ky 2

|02| implies  that [d(%;,7;)] =0, so
d(%;,5) =0
Thus %; = y;.

Corollary 3.2: Let a complete soft metric space ()? d,E)
and let (f,¢):(X,d,E) - (X,d,E) be a mapping. We
assume that for each %, 7, € X,

& , ~ , ‘ ~
fow[ (Fo@ED (f¢)(yu))](p(t) dt <

afow[&(’zlyu)] (p(t)dt

W
147 29, B0 Tn +0 T, B T
+7 ? E " nRIR
[1]

(3.2.1)

Where 0<d+2b<1and §:R, — R, is a Lebesrue
intergable mapping which is Summable on each compact
subset of [0, 20), non negative and such that

foecp(t)dt > 0, forall
€>0.

Then (f,¢) has a unique fixed point in %; € X such that

lim,,_,.,(f, )" %, = %;, for each %; € X.

Proof: Let y: R, — R, be a mapping as we define
Y(t) = f0t<p(t)dt,t € R,. Itisclear that Yi(t) = 0 and { is
monotonically non decreasing and by hypothesis W is

absolutely continuous. Hence  is continuous. Therefore,
P € ¥, so by (3.1.1) becomes

vla (¢ 0@, (. 9)(5.)] < avld(z,3,)]

72 By M Tp +W Bp TET Ty +0 Tp M Ty 472 Ty, B Ty

(f, @) such that X; # 75,
Putting ¥, = X; and §, = 7, in (3.1.1) we have
Published By:
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Hence from Theorem 3.1 there exist a unique
fixed point 7; € X such that for each 3, €
X, limn—mo(f) (P)nyu = y/{

In this section we are going to prove that the

mappings satisfying the contractive condition
[2.1.1],[2.2.1] and [3.1.1] fulfil the property P.

Theorem3.3: Let (X,d,E) be a complete soft
metric space, we have { € W. Let mapping
(f.9): (X, d,E) > (X,d,E)  satisfies the
following condition:

y[d((F. )@, (F.0)5)] <
ayld(%,5,)]
For all %;,7, € X, and for some 0 < @ < 1. Then
E) # ¢ and (f, @) has a property P.

Proof: From Theorem [2.1], (f,¢) has fixed
point therefore E s, n # ¢ for every n € N,n >
1 and we assume that j; € E(f,)n We have to
prove that Ji; € Ef 4,

Assume that y; # (f, ¢)¥;, from [2.1.1] we have

[d(3;. (f. @) GD)] =
W[d((F, "G, (F, )" GD)]

< ay[d((F, O™ G, (F, oG] < -+ <
aryld(7;, (F, @) GD)]

Since @ € (0,1),lim,_q, U[d (5}, (f, @) (F}))] =
0.

From the face that, ¢ € ¥ we get 7; = (f, ) (5;)
which is a contradiction.

Therefore 3} € Es ) i.e. (f, @) has a property P.

Theorem3.4: Let (X,d,E) be a complete soft
metric space, and let mapping (f, o) :
(X,d,E) > (X,d,E) satisfies the contractive
condition:
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4 (¢ 0@, (F,0)0)) < @ [d(x,5,)]

7 By, BT Tp 47 Tp, BT Tp T Tp, BN Tp 472 Ty, BT T

+7

Forall %;,7, € X,and @ > 0,b > 0,a + 2b <
1.Then E¢¢ ) # ¢ and (f, @) has a property P.

Proof: From Theorem [2.2], E(f ) # ¢, therefore
Esoym # ¢ foreveryn € N,n > 1and

we assume that Ji; € E (s ,)m We have to prove that
7 € Etr)

Assume that y; # (f, @)¥;, from [2.2.1] we have

d(3;, (f, ) G) =
d((f, )" G, (f, )" 5)

<ad((f, " G, (f, )"GD)

2 PATLN, BNTE, 47 ANTAW, AT, P ANA T, ANTAM, 4Mm AR AW, AN AT,

+7

<ad((f, " G, (. o)"G1))
+b[d((f, "G, (F, ") +
af,pnyAx fon+1yd+

d(5;, (F, ©)G))

= d((f,9)"GD. (f, )™ GD)

oy A0 6D G0 5D)

<

< 2|55g] AGL L @GD)

Which is the contradiction. Consequently
V1 € E(s) and (f, @) has a property P.

Theorem3.5: Let (X,d,E) be a complete soft
metric space and let y € . Let (f, o) :
(X,d,E) > (X,d,E) be a mapping satisfies the
contractive condition:
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o[d (oG, F0G))]| < avldE.5,)

72 By BT Tp 4T By, BT Ty B Tp, BT Tp 4TE Tp, BT T

WA, (F, @) FD)] <
a+o1—ompdyi+ f,pyA*

+7

147 T BT Tp R T, MM Ty

Forall %;,7, € X,and@ > 0,b > 0,a + 2b < 1.

Then E;,y # ¢ and (f, ) has a property P.

Proof: From Theorem [2.1], (f,¢) has a fixed

point.

Therefore Ef gy # ¢
and

This IS a
vld (35, (F, @) (F))] = 0,since Y € ¥

contradiction. Therefore

This conclude that d(3;, (f, 9)(5;)) = 0, thus

¥ € Er4) and (f, ) has the property P.
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