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Abstract: This research paper targets nlag-continuous, nlag-
irresolute functions in nano ideal topological spaces.
Comparison and Characterisation of these functions are
explored. Preservation of composition of functions under
nlag-continuous, nlag- irresolute functions are also proved.
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I.INTRODUCTION

The initialisation of ideals in topological spaces was
done by Kuratowski [1]. Elaborate studies about local
function A", Kuratowski’s closure operator cl” and int"in
*-topology was done by Jankovic [2]. The introduction
of l-open sets was by Jankovi et.al] [3]. Nano topology
and its characterisation were studied by Lellis Thivakar
[4]. He defined the nano topology, by defining the
approximations and boundary regions of a subset in the
universal set. Familiarity on nano generalised closed
sets was given by Bhuvaneswari et.al [5]. Idealisation of
nano topology was initiated by Parimala et.al.
Investigation of nano local function was made by
Parimala et.al [7], [8], [9]. nlg-closed sets, nlag-closed
sets were introduced by Parimala et.al [10], [11]. no-
closed sets were studied by ThangaNachiar [12]. This
works leads to study on nlag-continuous and irresolute
functions in nano ideal topology. Preservation of
composition of functions under nlag-continuous and
irresolute functions are also proved in this paper.

II.PRELIMINARIES
In the following sequel (U, N, J) denotes the nano
ideal topological space.
Definition 2.1. [1] Ideal

Q subset of P then Q€ I i) Union of any two
subsets of the ideal 3 belong to 3.

3 is a set satisfies i) PE I jf
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Definition 2.2. [2] In a topological space S , the local
function P* of te set P mean

P'={s €g:UNP & Jforevery U € 7. Here z(s) = {U
€r:.s € U}

Definition 2.3. [4]

i) R |(S) denotes the lower approximation of the set

S with respect to the equivalence relation R which is
defined as the union of elements of SR(S)which are

contained in S. Thatis, % |(S) = U{R () R (5)C
S, s € U} R (S) denotes the upper approximation
of the set S with respect to the equivalence relation ‘R
which is defined as the ‘RU(S): UA{R(S) : R(S)Ns
Z* ¢ s € U}L

i) R p(S) denotes the boundary region and it is
defined as R (S) = R (S) - R |(S).

Here U is the universal set.

Definition 2.4. [6] Salient features of R, and R | 4o
given below.

Properties of the upper and lower approximations are as
follows. Consider the approximation space (U, R) with
the equivalence relationRand X, Y C U

1) R X) € XS R, X).

i) Ry@=Ry@=0
i) W, (U)= Ry U)=U.

iv) Ry, (SUT) =R ,(S) UR (T).

V) RLSNT) S R,S)NR,(T).

vi) RISUT)D R(S) U R|(T).
Vii) R1NT) =R (S)NR | (T).
viil) R (8) € R (T)and R (S) © Ry(T)

whenS C T.
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iX) R, (S = [R) (S)]F and R, (%) = [R,
(S)I°.

X) Ry [RYRET = R[Ry (9= R (S).
Xi) [R(S)=Ry[R| ()] =R (S).

Definition 2.5. [6] In an Universe U , define an
equivalence relation R, and a set 2R (S)= {U, ¢, R
(S), Ry (S), Rp(S)}, S € U . The axioms of the
topology 7R (S) are

) Universal set and the empty set should belong to

73R (S).

i) Arbitrary union elements of any sub-collection
of R (S) isin 73R (9).

i) The finite intersection of the elements of ‘R
(S) is in R (9).

Here 7R (S) denotes the nano topology. (U, 7R

(S)) is the nano topological space. Members of (U, 7R
(S)) are the nano open sets and the complement of nano
open sets are the nano closed sets.

Remark 2.6. [6] The basis of the nano topological space (U,
R (S)) is the set

B={U, R(S), Ry(S) }.

Definition 2.7. [8] Let (U, N, .3) be a nano topological
space with respect to the ideal S and (.)"» denotes the
operator from the power setp (U)top (U). When P
C U,Py"(I,N)={s€U :G, NP &7 forevery G, €
Gn(x)} is the local function of P with respect to Jand N
in the nano topology.

Definition 2.8. [8] Let (U, N) be a nano topological space,
5, & arethe ideals on U and P,Q be subsets of U. The
salient features of P, are

) PC Q=P C Q"
i) FC T =P (5 CP(9

iii) Pn"= n-cl(Px") € n-cl(P) (P»" is a nano closed
subset of n-cl(P))

iv) (P )" C Py
V) Py U Qn* - (PU Q)n*

vi) P'-Q =(P-Qn" -Qn"'C (P-Qn"

vii) V € N implies V NP"=V N(V NP)a" C (V
NP)n"
viii) FTCI=>PUIN=P'=FP-3"

*
n -
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Lemma 29. [8] In (U, N,3), let C P, then the
following equality holds. Pn"= cln(Pn") =cl.(P).

Lemma 2.10. [8] In (U, N, ), the gperatorcl,"(P) = P U
P, forP C S.

Definition 2.11. [8] Properties of cl,"are as follows.
Consider the subsets

Tyand T, of U, then

I) T, C cly” (Tl)

ii) ch”(p) =¢pandcl," (U)=U

iii) If T, C T2, thencly™ (T1) C cly™ (T2)

iv) clh™ (T) Uecly™ (T2) =cly" (T1\U T2)

V) cly” (cln™ (T1)) = cly™ (To).

Definition 2.12.[8] In (U, N, ), the subset P is defined to
be an®- dense in itself set (resp. n*-perfect set) when P
C Py (resp. P = Pp").

Definition 2.13. [8] In (U, N, ) when the subset P is n*-
dense in itself, then the following equality holds. P,"=
ch(Pn?) = cly(P) = clh" (P).

Definition 2.14. Consider P as a subset of (U, N, 1) is

)] ng-closed set, if cl,(P) C U, P C U, Uis a
nano open set.[5]

i) na-open set, if P C inty(cln(inta(P))) [4].

iii) nlg-closed, if P,"C U, P C U and U is n-
open [10].

iv) nlag-closed set, if P,"C U, PC U and U is

a nano a-open set. [11]

Theorem 2.15. [11] Consider a (U, N, J), then the
implications are true and reverse implications are may
not be true.

)] A nano closed is always a nlag-closed set.

i) A n"-closed is always a nlag-closed set.

iii) A ng-closed is always a nlag-closed set.

iv) A nlag-closed is always a nlg-closed set.

V) A nano open set is always a n"-open set. [10]3

Definition 2.16. [4] A function defined between two nano
topologicalspaces F: (U, tR(S)) —> (U, tR(T))is
a nano continuous function if the inverse image F '(P)
is n-open in (U, T R (S)) for every n- openset P in (U,
R (T)).
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Definition 3.1. Consider two nano ideal topological
spaces (U,N, 3 )and (U, M,)) and define a function F
:(UN,3J) —> (U, M,)). The function F is defined to be
a nlag-continuous function, if F ~!(V ) of each n-open
set U C (U, M,)) isanlag-open set in (U,N, 3).

Example 3.2. Consider the universal set U = {t1, t2, t3,
t4}, the approximation  space U/ ® = {{t1}, {t3}, {t2,
t4}}, S = {t1, t2} C U with the ideal I ={¢, {t3}, {t2},
{t2,t3}}. The nano topology defined by U is .2 (S) = {U, ¢,
{t1}, {t2, t4}, {t1, © ¥} }and nlag-closed sets are {{t2}, {t3},
{t1, 8}, {t2,t13}, {t3, t4}, {t1, 2 8}, {t1, 8 &}, {12, t3, &}, U, ¢}.
Let U ={t1,t2,t3,t4}, the approximation space U/ & =
{{t2},{t4},{t3,4}, S ={t1,t4} C U with the ideal 3 =
{o, {t4}}. The nano topology defined by V is z.# (S) =
{V, o, {t4}, {t1,t3}, {t1, B8 ¥} }and nlog-closed sets are {{t2},
{t4}, {t1, &}, {12, 8}, {2, &} {t1,t2, t3}, {t1, t2, t4}, {t2,
t3,14}, U, ¢}. The function F : (U,N, J) —> (U, M) is
defined as F (t1) = t1, F (t2) t3, F(t3) =t2, F(t4)
=t4 is a nlag-continuous function.

Definition 3.3. Consider two nano ideal topological
spaces (U,N, 3) and (U, M,/) and define a function F:
(UN, 3) — (U, M,)). The function F is defined to be
a nlag-irresolute function, if the inverse image f(U)
is a nlag- closed set in (U,N, J) for every nlag-closed
set Uin (O, M,)).

Example 3.4. In Example 3.2, the function defined as
F (t1) =t1, F (t2) = t3,F(t3) =t2, F(t4) =tdisa
nlag-irresolute function.

Theorem 3.5. Consider a function F : (U,N, 3) —>
(U, M,)) in nano ideal topological space. Then F is a
nlag-continuous function iff £ (P ) is a nlag-closed set
in (U,N, 3) for every n-closed set P C (U, M,)).

Proof. Necessary part Consider a n-closed set P C
(U, M,)) and a nlag- continuous function F : (U,N, J)
—> (U, M,)), then P° is a n-open set in (U, M)
and hence F'(P°) is a nlag-closed set in U. As F'(P
¢y = (FY(P)), we get F (P ) is nlag-open in U.

Sufficient part Let F be a n-open set in U . then F ©
is a n-closed set. Therefore by hypothesis F!(F¢) is
nlag-closed in U. As F1(F¢) = (F 1(F)), we get F
“(F ) is nlag-open in U . Hence F is a nlag-
continuous function.

Theorem 3.6. Inanano topological space, whenever
the function F : (U\N, 3) — (U, M,)) is a nano
continuous function then it will be a n/ag-continuous
function.

Proof. As F is nano continuous function, for each
n-open set P of (U, M,)) F'(P)isan-opensetin(U,N,
3). Referring Theorem 2.15 (i) F'(P) is a nlag- open
set and so F is a nlag-continuous function.

Remark 3.7 A nlag-continuous function may not be a
nano continuous function. The following Example
explains this Remark.

Example 3.8 Refer Example 3.2. The function defined is
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a nlag-continuous function, but since F1({t4}) = {t4}is
not a n-open set, F is not a hano continuous function.

Definition 3.9 F : (U,z R(S) — (U, = (T )) be a
2function, defined to be a n “-continuous(nano
generalised-continuous) function if the the inverse
image F ~(P) is a n"-open set(ng-open set) in
(U,zR(S) for every n-open set P in (U, ¢ 2(T)).

Theorem3.10. In (U,N, 3J) ,wheneverthe F : (U,N, J)
—> (U, M,/) seems to be a n*-continuous function then
it will be a nlag-continuous function.

Remark 3.11. A nlag-continuous function may not be a
n*-continuous function. The following Example explains
this Remark.

Example 3.12. Refer Example 3.2. The function defined
is a nlag-continuous function, but since F ~!({t1, t3}) =
{t1, t2} is not a n*-open set, F is not a n*-
continuous function.

Definition 3.13. A function defined between two nano
topologicalspaces  F: (U,zR(S) — (U,  R(T)) is
defined to be a nlg-continuous function if the the
inverse image F '(P ) is a nlg-open set in (U, t.2(S)
for every n-open set P in (U, ¢ 2(T)).

Theorem 3.14. In a nano topological space, whenever
the function F : (U,N, J) —> (U, M,/) seems to be a
nlag-continuous function then it will be a nlg-continuous
function.

Proof. As Fis a nlag-continuous function, for each n-
open set P of (U, M,) F'(P) is a nlag-open set in (U,N,
3). Referring Theorem 2.15 (iv) F!(P) is anlg-open
set and hence Fis a nlg-continuous function.

Remark 3.15.A nlg-continuous function may not be a
nlog-continuous function.

IV. COMPOSITION OF FUNCTIONS UNDER
NIAG-CONTINUOUS AND NIAG-IRRESOLUTE
FUNCTIONS

Theorem 4.1. In a ideal topological space with nano
sets , the set operation composition, of two nlag-
continuous functions may not be a nrlag-continuous
function.

Proof. The proof can be explained by an example.

Let U = {t1, € 8 &}, the approximation space U/& =
{{t3},{t4},{t1,t2}}, S={t2, t4} < U with the ideal 3 =
{o, {t1}. The nano topology defined by U is

TR (S) ={U, ¢, {t4},{t1,8}, {t1, 2 ¥ }and nlag-open sets
are{U,p, {t2,84},{t1,0 4},

{t2, 14}, {t1, 12}, {t4}, {t2}}.
V = {t1, t2, t3, t4}, the approximation space U/ & =

{{t2}, {t4}, {t1,13}},S =

{t1, ¥} < V with the ideal I = {¢p, {t4}}. The nano
topology defined by V is
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R (S) ={V, o, {t4} {t1,t3},{t1,t3, 8} }and nlog-open sets
are{U, ¢, {t1,t3,t4},{t1,06},

{t3, t43, {t1, t4}, {tL, 13}, {t4}, {t3}, {t1}}.

W = {a,b,c,d}, the approximation space U/® = {{t1},
{t3},{t2,t4}}, S =

{t1, 2} < U with the ideal I = {p, {t3}, {t2}, {t2, 3}}. The
nano topology defined by U

istAS)={U,p, {t1},{t2,4},{t1,t2, @ }and n/ag-open sets
are{U,p, {t1,8¢} {t1,t2,4,

{t2,t4}, {t1, 4}, {t1, t4}, {4}, {t2}, {t1}}.

Let the functions F and & can be defined as F : U
—> U defined by F (t1) =1t3; F(t2) =1t1; F
(t3) = t2; F(t4) = t4 and &z : U —> W is defined by
z (1) = 12, £ (12) = t3; &£ (13) = t4; & (14) = t4.
Here the functions f and  are nlag-continuous
functions, but g f is not a nl ag-continuous function.
Since (gz° F) ({2, 4}) = Flgz ({2, 8)] = F({t3,
#}) = {t1, t4} and here the {t1, t4} is not a nlag-open set
inU.

Theorem 4.2. In a nano ideal topological space, the
composition of two nlag- irresolute functions is also a
nlag-irresolute function.

Proof. Consider two nlag-irresolute functions F :
(UN, J) = (U,M,)) and & : (U, M,)) —> (W, L,K).

Claim. (¢ ° F) : (UN, 3) — (W, L, K) is a nlag-
irresolute function.

As g is considered to be a nlag-irresolute function, by
definition for every nlag-open set w C (W, L, K),
g !(w) =T is a nlag-open set in (V, M, J). Again
since F is nlag-irresolute (g ° F)'(w) = F (g 1(w))
= F(T) =His anlag-open setin (U, N, ). So &
F is a nlog-irresolute function.

V. PRESERVATION OF COMPOSITION OF
FUNCTIONS UNDER NIAG-CONTINUOUS AND
NIAG-IRRESOLUTE FUNCTIONS.

Theorem 5.1. In a nano ideal topological space,

when the function F: (U,N, 3) — (U, M,)) be a nlag-
irresolute function and the function
z . (U, M) —> (W, L, K) be a nano continuous
function, then (g ° F): (UN, 3)—
(W, L, K) will be a nlag-continuous function.
Proof. Let & be a nano continuous function from U to
W andw C W be anano open set. Therefore &z ~'(w)
is a nano open set in (U, M,/). Referring Theorem 2.15
(i) &z Y(w) = T is a nlag-open set in (V, M, J). Also
since F is a nlag-irresolute mapping we get (& ° F
Y'w) = F (g '(w)) = F (T)=HadH is a nlag-
open set in (U,N, J) .Therefore (- F) is a nlag-
continuous function.

Theorem 5.2. When there is a nlag-continuous function
F. (UN, 3)— (U, M,)) and a nano continuous
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function & : (U, M,)) —> (W, L, K) exists, then the
composition of function (¢ ° F) : (U,N, 3) —> (W, L, K)
will be a nlag- continuous function.

Proof. Since & is a nano continuous function from V to
W , for any n-open set

w as a subset of W, we get &z '(w) =T is a n-open set
in V. As Fis a nlag-continuous function, we get (g °
F'w)=F Y(z'W)=F (T)=HandH is a
nlog-open set in U . Hence (g o F) is a nloag-
continuous function.

Theorem 5.3. Let F (U,N, 3)—> (U, M,)) be a nlag-
irresolute function and & : (U, M,y)) — (W, L, K).be a
n*-continuous (ng-continuous) function, then
composition (g ° F) is a nlag-continuous function.

Proof. Let & be a n"-continuous (ng-continuous)
function from V to W and w subset of W be a nano
open set. Therefore & ~!(w) is a n*-open set(ng-open
set) in (V, M, J). Referring Theorem 2.15 (ii) and (iii)
<2 (W) =T isanlag-open set in (V, M, J). Also since
F is a nlag-irresolute mapping we get (¢ ° F ) '(w) =
F Y (z'W)=F (T) =H and H is a nlag-open set

in (UN, J). Therefore (g o F ) is a nlag-continuous

function.
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