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Measuring Synchronization for coupled systems
using Visibility Graph Similarity
AyanMitra, BudhadityaPyne


effectively determining the interdependencies of dynamical
systems is computed on different chaotic systems like
coupled identical Hénon map, non-identical coupled rössler
and Lorenz system which are also used by T. Kreuzet. al in 7
for comparing different approaches of synchronization on
coupled chaotic systems.The variation of synchronization
index against coupling coefficient& signal to noise ratio is
computed by VGS for all three coupled chaotic systems &
their results are also compared against linear correlation
since VGS effectively computes cross-correlation among
Degree Sequences (DS) of the nodes of the visibility graph.

Abstract—Synchronization is defined as interdependencies
among two or more time series. Recent advances on information
theory and non-linear dynamical systems has allowed us to
investigate different types of synchronization measures on
different time series data such Electroencephalogram (EEG),
Magnetoencephalogram (MEG) and other non-stationary
signals.However,these kind of statistical interdependencies are
also prominently observed in the coupled chaotic systems
occurring in nature. In most coupled systems the internal variants
and the interdependencies among their subsystems are not
accessible. Therefore, to measure the statistical interdependencies
among the coupled systems, different non-linear approaches has
been adopted thateffectively determines the amount of
synchronization between the dynamical systems under
investigation. In this paper the recently proposed synchronization
measurement performance of the Visibility Graph Similarity
(VGS)10,11 is computed for two coupled identical Hénon map,
two non-identical coupled rössler and Lorenz system over the
entire time domain & also compared against linear correlation to
estimate the superiority of the method.

II. VISIBILITY GRAPH SIMILARITY
The determination of Visibility Graph Synchronization is a 6
step process as mentioned in 10,11.
A. Reconstruction of trajectories in a state space.
The Visibility Graph Similarity (VGS) attempts to compute
the number of similar patterns in time series of the coupled
systems which are repeated concurrently. The measurement
of similarity is a statistical likelihood with a logical decision
making that just determines how much the patterns are
similar to one another to a set threshold value irrespective of
how much actual similarity actually exists between them. All
generalized synchronization including the visibility graph
similarity method under considerationrequire reconstruction
of trajectories in a state space based on the chaos theory and
Takens reconstruction of a time series to measure the
interdependencies of the dynamics of the systems which
generate the time series. Reconstruction of trajectories based
on the chaos theory requires the determination of a time
delay or lag time (T) and an embedding dimension (d) to
create the state space. In such a state space the nth state, Xk,n,
of the kth trajectory, Xk, is represented as follows:

Index Terms—Coupled model systems, Dynamic systems,
Nonlinear system, Synchronization.

I. INTRODUCTION
The study Synchronization between dynamical systems
has been an active field of study for last two decades.
Synchronization phenomena in chaotic systems have
attracted muchattention in the fields of nonlinear dynamical
systems and havefound applications in areas such as laser
dynamics, solid state physics, electronics, biology and
communication.
In most coupled systems the interdependencies among
their subsystems are not easily accessible. For this purpose,
cross correlation and coherence functions have been used to
measure the interdependency between two time series in
terms of time and frequency, respectively. These two
measures, however, detect only the linear interdependencies.
In order to overcome the aforementioned deficiency, a
new and effective method, called Visibility Graph Similarity
(VGS) is proposed in 10,11.VGS is a methodbased on the
concept of generalized synchronization and detectsnonlinear
and linear dependencies between two signals.VGS relies on
the detection of simultaneouslyoccurring patterns, which can
be complex and widely different in thetwo signals. The
Visibility Graph (VG) can efficiently convert time series to a
graph where the order of the VG’s vertexes (nodes) is the
same as the order of sample times of the time series. It is
shown in10, 11 that the topology of the VG of a time series is
related to complexity and fractality of the time series.
In the rest of the paper the performance of VGS on

Xk,n= xk,n , xk,n+T , xk,n+2T , ………,xk,n+(d-1)T

wherexk,n is the nth point of the kth time series (k = 1, 2, . . .
,M); when M time series or systems are coupled together).
Therefore, each trajectory contains N = R − (d − 1)T states;
where R is the number of sampling points of each time series.
The time delay and embedding dimension are determined so
that the reconstructed trajectories in the new state space are
not folded to avoid loss of information. In VGS studies, d
and T are taken to be the same for all thetime series in order
to be able to compare the similarity of their states.
B. Creating the Distance Time Series (DTS)
For each trajectory, Xk, the similarity of the states is
determined by comparison with a reference state (Xk,n) which
is the centre state of a preselected window W w2w1 (k,n).
Window Ww2w1(k, n) contains two distinct sequences of
states belonging to the same trajectory: [X k,n−w2 , . . . , Xk,n−w1
] and [Xk,n+w1 , . . . , Xk,n+w2 ].
Indeed, the window Ww2w1 (k,
n). around the reference state,
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Xk,n, contains all states, Xk,m, whose index, m, satisfies the
condition: w1 < |n − m| < w2. w1 is the Theiler correction 16
used to prevent information redundancy in the similarity
computation. The number of states restricted in the window
is 2(w2 − w1), called the width of thewindow, and w2 is an
integer number which determines the maximum temporal
distance that a state can have from the reference state.

variables of the model all the models were taken in the range
[-1, 1]. The coupling parameter (c) was varied from 0 to 1 for
coupled Hénon map & 0 to 2 for Lorenz &Rössler systems in
increments of 0.1, and the VGS were computed for each
value of the coupling parameter c. Since the VGS effectively
computes the linear correlation among the degree sequences
so the variation of synchronization against coupling
coefficient is also plotted for linear correlation.

C. Constructing Visibility Graph (VG)
The VG of the time series x is constructed in the following
manner: consider the ith node of the graph, ai, corresponds to
the ith point of the time series, xi. Two vertexes (nodes) of the
graph, am and an, are connected via a unidirectional edge if
and only if:
𝑛−(𝑚 +𝑗 )
xm+j<xn +(
) (xm -xn) ; ∀j ∈ Z+; j<n-m
(𝑛−𝑚 )

ai is the ith vertex of the graph corresponding to xi. If and
only if xi and xj can see each other, the corresponding
vertexes of the VG, ai and aj, connect together through a
bidirectional edge.
D. Finding the Degree Sequence (DS)
In un-weighted graphs, the number of edges connected to a
node is called the degree of that node. Degrees of the nodes
of a VG obtained from DTSs are sequences of degrees of
their nodes (one DS for each DTS).
Fig.1. Comparison of Visibility graph similarity & linear
correlation against coupling strength for ideantical
coupled hénon map

E. Computing the cross correlation between the DSs
Similarities of dynamics of the coupled systems (in a
window) are obtained through computing similarity of the
trajectories (in that window). The similarity of the DSs are
evaluated by evaluating the cross-correlation function:
S[DS(X),DS(Y)]=(

For the coupled Hénon system the VGS starts from 0.2
whereas the linear correlation starts from very low value as
0.3. There is a sudden peak for C=0.3 for both the Visibility
Graph Similarity & linear correlation. Both the measures
show sharp rise after C=0.6 indicating high correlation for
coupled hénon system however their values almost saturate
for C>0.8. Its notable that for VGS the synchronization value
decreases after C=1 denoting gradual loss in synchronization
however this loss of synchronization is not detectable for
linear correlation.

cov (DS (X),DS (Y))
σ(X)∗σ(Y)

)

where DS(X) is DS of the trajectory X falling in the window
Ww2w1(k, n), |x| indicates the absolute value of x, cov[x, y] is
the covariance of x and y, and σ(x) is the standard deviation
of x. Since the VG of a time series preserves its time
ordering, similarity of the dynamics of two time series
indeed is a measure of their synchronization.
F. Averaging similarities in terms of shifting the
window
The windowWw2w1(k, n) is shifted (with shorter steps for
higher temporal resolution but with a higher computational
load) and similarity of the dynamics is computed in each
window. Then, the overall synchronization of the coupled
systems is calculated through averaging the computed
synchronizations over all windows. That will be the VGS.
III. EVALUATION & RESULTS
A. Dependence on Coupling Strength
In this example, values of 3 and 5 were used for the
embedding dimension (d) and lag time (T), respectively. w2
was taken as 50. The term w1, known as the Theiler
correction, is used to reduce the likelihood of the vectors
(states) representing a recurrence of the reference state (X k,n)
in order to avoid pseudo-similarities that may be not related
to the dynamic system. Montez et al. 8 suggest a value of T(d
− 1) for w1 to avoid overlap between the reference state and
other states. Using this equation yields a value of 9 for w1
which is the value used in this research. The initial values of
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For coupled Lorenz system
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abrupt loss of synchronization is visible for C=0.2 & C=0.5
as shown by both VGS & Linear correlation however the
value reached by linear correlation is very less. The variation
of Synchronization is monotonic after C>0.5. However a
sharp rise is shown by both VGS & Linear correlation for
transition from C=0.9 to C=1. There is also complete
synchronization for 1.3 ≤ C ≤ 1.9 as shown by both
themeasures. But a loss of synchronization can be observed
by both measures for C=2.

Fig. 4. Color-coded dependence on the coupling strength
and the noise-to-signal ratio for Gaussian white noise by
visibility Graph similarity for coupled hénon system

Fig.3. Comparison of Visibility graph similarity & linear
correlation against coupling strength for coupled Rössler
systems
For coupled Rössler system there is a high value of
synchronization for C=0. Expect for this aberration the
variation ofsynchronization with coupling coefficient
isstrictlymonotonicas shown by both measures. The linear
correlation reaches the value of 0 for C=0.1 showing a
complete loss of synchronization. However unlike coupled
Hénon map & coupled Lorenz system, the value of
synchronization by VGS never reaches 1 in the range of
0 ≤C≤2. But for the linear correlation synchronization value
reaches 1 for C=2 denoting complete synchronization for
coupled Rössler system.

Fig. 5. Color-coded dependence on the coupling strength
and the noise-to-signal ratio for Gaussian white noise by
visibility Graph similarity for coupled Lorenz system

B. Robustness against noise
To evaluate the robustness against noise for different
synchronization measures, the study design used by T.
Kreuzet. al7is adopted here. The signal-to-noise ratio defined
as R= σsignal/σnoise(with σnoise and σsignal denoting the standard
deviations ofnoise and signal, respectively), is used as a
second controlparameter along with coupling coefficient.
For each coupled model system, this noise-to-signal ratio
was increased according to the values used by as follows:
R=10(-2+0.1q)with q = 0,1, . . . , 30.
Fig. 6. Color-coded dependence on the coupling strength
and the noise-to-signal ratio for Gaussian white noise by
visibility Graph similarity for coupled Rössler system

thereby covering the range from 0.01 to 10 equidistantly on
alogarithmic scale
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For all coupled systems, the decrease the signal-to-noise
ratio leads to a gradual masking of the dependence on the
coupling strength. For the minimum signal-to-noise ratio R =
0.01 all measures attain rather constant values close to the
levels obtained for uncoupled systems without noise.
For coupled hénon systems a sharp rise in VGS can be
observed for C=0.7 & SNR=7 however for both measures the
synchronization value remains almost constant for C>0.8
irrespective of change in noise level for 0≤SNR≤6.
For coupled Lorenz system both measures yield almost
constant value of synchronization for 1 ≤ C ≤ 1.9
&0 ≤SNR≤8. However for C=2 there is a sudden decrease
in synchronization index as depicted in fig.6.
For coupled Rössler system, the variation of synchronization
with variation of SNR is very less denoting highest amount
of robustness against noise among all the coupled systems
followed by Lorenz system & then Hénon map.

APPENDIX

In our analysis six measures of synchronization are applied
to time series (length N = 2000) of three coupled model
systems.
A. Coupled Hénon systems
The first coupling scheme consists of two uni-directionally
coupledHénon maps. The equations of motion for the driver
and the responder read
xt+1= 1-1.4xt2+0.3ut
ut+1=xt
yt+1= 1-1.4(Cxt+(1-C)yt)yt+Bvt
vt+1=yt
where the parameter C is the coupling parameter which
varies from 0 (indicating the subsystems are completely
independent) to 1 (indicating the subsystems are completely
synchronized). Variable t is discrete time or iteration index,
and parameter B determines whether the two subsystems are
identical (when B=0.3) or non-identical (when B ≠ 0.3). For
our case only identical hénon system were considered.
For coupled hénon system the distribution of values in
Driver & responder has quite a chaotic distribution for C= 0
& C=0.5 as depicted in Fig. 8 however the distribution is
quite linear for C=0.8. Ultimately for C=1 the distribution
almost
completely
linear
denoting
complete
synchronization.
B. Coupled Lorenz system
The second coupling scheme consists of two
uni-directionally
coupled Lorenz systems as used by T. Kreuz et. al7 in their
study design. The equations of motion for the driver and the
responder read:

IV. DISCUSSION
The aim of this study was to perform a comparison of
Visibility Graph Similarity against linear correlation on
model
systems.One of the assumptions for our study was that an
effective synchronization measurement should be sensitive
to the coupling parameter but affected less by the inner
parameters and dynamics of the individual systems which
are not related to the coupling. To this end we compared
different measures regarding their capability to reflect
different degrees of coupling between two model systems
both with presence & absence of noise.Despite some caveats,
the variation of synchronization showcased an overall
monotonic characteristic with increase of coupling
coefficient & signal-to-noise ratio.

𝑥 1= 10(x2 – x1)
𝑥 2= x1(28 – x3) – x2
𝑥 3= x1x2−8/3x3
𝑦1 = 10(y2 – y1)
𝑦2= y1(28.001 – y3) – y2
𝑦3= y1 y2 −8/3y3 + C(x3 – y3).

V. CONCLUSION
We have applied a linear & a non-linear measure of
synchronization to coupled chaotic systems. However the
variation of synchronization index for linear correlation
measure for all the coupled under consideration displayed
very abrupt rise after a certain value of coupling coefficient.
On the other hand, the increase of synchronization index was
less abrupt as they showed comparatively high value of
synchronization even at low values of coupling coefficient. It
is also interesting to note that different coupled systems
displayed different response of synchronization index of
visibility graph similarity to the inclusion of noise. So in
many cases like synchronization of EEG signals the visibility
graph similarity is now preferred over other linear measures
like linear correlation as it captures the dynamics of the
systems more effectively.

The equations were integrated using Runge–Kutta 4th order
with a step size of 0.001 and a sampling interval of 0.01.
Note the small parameter mismatch introduced in the second
component. The coupling strength C was varied from 0 to 2
in steps of 0.1. For the Lorenz systems the transition towards
a synchronized state takes place for C around 1.4.
For coupled Lorenz system the distribution of values in
Driver & responder has quite a chaotic distribution for C= 0
depicted in Fig. 9 however the distribution is quite linear for
C=1.2. Ultimately for C=2 the distribution almost
completely linear denoting complete synchronization. But a
loss of synchronization can be witnessed for C=2.
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introduced by setting ωx = 0.95 and ωy = 1.05. The coupling
strength C was varied from 0 to 2 in steps of 0.1.
For coupled Rössler system the distribution of values in
Driver & responder has quite a chaotic distribution for C= 0
in Fig. 10 however the distribution is quite linear for C=1.2&
1.5. Ultimately for C=2 the distribution almost linear
denoting high synchronization.

𝑥 1 = −ωx x2 – x3
𝑥 2 = ωx x1 + 0.15x2
𝑥 3 = 0.2 + x3(x1 − 10)
𝑦1 = −ωy y2 – y3 + C(x1 – y1)
𝑦2 = ωy y1 + 0.15y2
𝑦3 = 0.2 + y3(y1 − 10).
The equations were integrated using Runge–Kutta 4th order
with a step size of 0.05 and a sampling interval of 0.3. A
parameter mismatch between the two systems was

Unlike Hénon or Lorenz coupled systems the distribution of
values of driver & responder never reaches a single straight
line due to parameter mismatch intentionally introduced for
solving the coupled differential equations.

C=0
C=0.5
C=0.8
C= 1
Fig.7. Coupled identical Hénon maps for different coupling strengths C,For each coupling strength the first component
of the driver is plotted versus the first component of the responder at the top, whereas at bottom the attractor of the
responder is depicted.

C=0
C=1.2
C=1.9
C=2
Fig.8. Coupled lorenz systems for different coupling strengths C, For each coupling strength the attractor of the
responder (projection on the first and the second component) is depicted at the top, whereas below the first component
of the driver is plotted versus the first component of the responder .
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C=0
C=1
C=1.5
C=2
Fig.9. Coupled Rösler systems for different coupling strengths C, For each coupling strength the attractor of the
responder(projection on the first and the second component) is depicted at the top, whereas below the first component
of the driver is plotted versus the first component of the responder.
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